
 US05CPHY22 Unit 3 Fourier Series, Diffusion Equation and Wave Equation  

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 1 

Always Remember: 

(i) If 𝑓(−𝑥) = −𝑓(𝑥), the function 𝑓(𝑥) is called an odd function. 

(ii) If 𝑓(−𝑥) = 𝑓(𝑥), the function 𝑓(𝑥) is called an even function. 

(iii) sin 𝑛𝜋 = 0 for any integer 𝑛. i.e. 𝑛 = 0, ±1, ± 2, … 

(iv) cos 𝑛𝜋 = −1 𝑖𝑓 𝑛 = ±1, ±3, ±5, … (odd values) 

(v) cos 𝑛𝜋 = 1 𝑖𝑓 𝑛 = 0, ± 2, ±4, ±6 … (even values) 

(vi) ∫ cos 𝑥
గ

ିగ
 𝑑𝑥 = [sin 𝑥]ିగ

గ = sin(𝜋) − sin(−𝜋) = 0  

(vii) ∫ sin 𝑥
గ

ିగ
 𝑑𝑥 = [−cos 𝑥]ିగ

గ = −[cos(𝜋) − cos(−𝜋)] = −[−1 − (−1)]  

(viii) ∫ cos 𝑚𝑥
గ

ିగ
cos 𝑛𝑥 𝑑𝑥 = 0 𝑓𝑜𝑟 𝑚 ≠ 𝑛 

(ix) ∫ sin 𝑚𝑥
గ

ିగ
sin 𝑛𝑥 𝑑𝑥 = 0 𝑓𝑜𝑟 𝑚 ≠ 𝑛 

(x) ∫ sin 𝑚𝑥
గ

ିగ
cos 𝑛𝑥 𝑑𝑥 = 0 𝑓𝑜𝑟 𝑚, 𝑛 = 1, 2, … , ∞  

(xi) sin 2𝜃 = 2 sin 𝜃 cos 𝜃 

(xii) cosଶ 𝜃 =
ଵାୡ୭ୱ ଶఏ

ଶ
 

(xiii) sinଶ 𝜃 =
ଵିୡ୭ୱ ଶఏ

ଶ
 

(xiv) cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

(xv) 𝑒ఏ = cos 𝜃 + 𝑖 sin 𝜃 

(xvi) 𝑒ି = cos 𝜃 − 𝑖 sin 𝜃 

(xvii) cos 𝜃 =
ഇାషഇ

ଶ
 

(xviii) sin 𝜃 =
ഇିషഇ

ଶ
 

𝑅𝑎𝑑𝑖𝑎𝑛 → 0 𝜋

6
 

𝜋

4
 

𝜋

3
 

𝜋

2
 𝜋 

𝐷𝑒𝑔𝑟𝑒𝑒 → 0° 30° 45° 60° 90° 180° 

sin 𝑥 0 1
2ൗ  1

√2
ൗ  √3

2
ൗ  1 0 

cos 𝑥 1 √3
2

ൗ  
1

√2
ൗ  1

2ൗ  0 −1 

tan 𝑥 0 1
√3

ൗ  1 √3 ∞ 0 



 US05CPHY22 Unit 3 Fourier Series, Diffusion Equation and Wave Equation  

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 2 

Periodic Function: 

A periodic function is a function that repeats its values at regular intervals, for example, the 
trigonometric functions, which repeat at intervals of 2π radians. 

If 𝑓(𝑥 + 𝑝) = 𝑓(𝑥) for every 𝑥 then 𝑓(𝑥) is called periodic function and 𝑝 is called period. 

(i) If 𝑓(𝑥) = sin 𝑥 then  
𝑓(𝑥 + 2𝜋) = sin(𝑥 + 2𝜋) = sin 𝑥 = 𝑓(𝑥)  
Therefore sin 𝑥 is a periodic function with period 2𝜋. 
 

(ii) If 𝑓(𝑥) = sin ቀ
ଶగ௫


ቁ then  

𝑓(𝑥 + 𝑙) = sin ቆ
2𝜋(𝑥 + 𝑙)

𝑙
ቇ = sin ൬

2𝜋𝑥

𝑙
+

2𝜋𝑙

𝑙
൰ = sin ൬

2𝜋𝑥

𝑙
+ 2𝜋൰ = sin ൬

2𝜋𝑥

𝑙
൰ = 𝑓(𝑥) 

Therefore sin ቀ
ଶగ௫


ቁ is a periodic function with period 𝑙. 

Different types of waves: 
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1. Definition and expansion of a function of Fourier series: 

A Fourier series is a representation employed to express a periodic function 𝑓(𝑥) defined in an 
interval (−𝜋, 𝜋) a linear relation between the sines and cosines of the same period. 

𝑓(𝑥) = 𝑎 + 𝑎ଵ cos 𝑥 + 𝑎ଶ cos 2𝑥 + ⋯ + 𝑎 cos 𝑛𝑥 + ⋯ + 𝑏ଵ sin 𝑥 + 𝑏ଶ sin 2𝑥 + ⋯ + 𝑏 sin 𝑛𝑥 + ⋯ 

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

We want to determine values of the coefficients 𝑎, 𝑎 and 𝑏. 

(i) To calculate 𝒂𝟎: 

To determine 𝑎, let us integrate both sides of equation (1) between limits – 𝜋 and 𝜋. We get 

න 𝑓(𝑥) 𝑑𝑥
గ

ିగ

= 𝑎 න 𝑑𝑥
గ

ିగ

+ 𝑎ଵ න cos 𝑥
గ

ିగ

 𝑑𝑥 +𝑎ଶ න cos 2𝑥
గ

ିగ

𝑑𝑥 + ⋯ + 𝑎 න cos 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯

+ 𝑏ଵ න sin 𝑥
గ

ିగ

𝑑𝑥 + 𝑏ଶ න sin 2𝑥
గ

ିగ

𝑑𝑥 + ⋯ + 𝑏 න sin 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯     (2) 

As we know that  

න cos 𝑛𝑥
గ

ିగ

𝑑𝑥 =  න sin 𝑛𝑥
గ

ିగ

𝑑𝑥 = 0 𝑓𝑜𝑟 𝑛 = 1, 2, … , ∞     (3) 

In equation (2) RHS, except the first term all other terms become zero. Equation (2) becomes 

න 𝑓(𝑥) 𝑑𝑥
గ

ିగ

= 𝑎 න 𝑑𝑥
గ

ିగ

=  𝑎[𝑥]ିగ
గ = 𝑎[𝜋 − (−𝜋)] = 𝑎[2𝜋] = 2𝜋𝑎 

𝑎 =
1

2𝜋
න 𝑓(𝑥) 𝑑𝑥

గ

ିగ

=
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

         (4) 

by replacing variable of integration from 𝑥 to 𝜗 to distinguish from 𝑓(𝑥).  

(ii) To determine 𝒂𝒏: 

Multiply both sides of equation (1) with cos 𝑛𝑥 and integrating between limits – 𝜋 and 𝜋, We get 

න 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥
గ

ିగ

= 𝑎 න cos 𝑛𝑥 𝑑𝑥
గ

ିగ

+ 𝑎ଵ න cos 𝑥 cos 𝑛𝑥
గ

ିగ

 𝑑𝑥 +𝑎ଶ න cos 2𝑥 cos 𝑛𝑥
గ

ିగ

𝑑𝑥 

+ ⋯ + 𝑎 න cosଶ 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯ + 𝑏ଵ න sin 𝑥 cos 𝑛𝑥
గ

ିగ

𝑑𝑥 + 𝑏ଶ න sin 2𝑥 cos 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯

+ 𝑏 න sin 𝑛𝑥
గ

ିగ

cos 𝑛𝑥 𝑑𝑥 + ⋯     (5) 

As we know that  
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න cos 𝑚𝑥
గ

ିగ

cos 𝑛𝑥 𝑑𝑥 = 0 𝑓𝑜𝑟 𝑚 ≠ 𝑛   (6) 

න sin 𝑚𝑥
గ

ିగ

cos 𝑛𝑥 𝑑𝑥 = 0 𝑓𝑜𝑟 𝑚, 𝑛 = 1, 2, … , ∞    (7) 

Therefore, all other terms vanish except only one term having cosଶ 𝑛𝑥, equation (5) becomes 

න 𝑓(𝑥) cos 𝑛𝑥  𝑑𝑥
గ

ିగ

= 𝑎 න cosଶ 𝑛𝑥
గ

ିగ

𝑑𝑥 

=
𝑎

2
න (1 + cos 2𝑛𝑥)

గ

ିగ

𝑑𝑥     ൬𝐴𝑠 cosଶ 𝜃 =
1 + cos 2𝜃

2
൰ 

=
𝑎

2
𝑥 +

sin 2𝑛𝑥

2𝑛
൨

ିగ

గ

=
𝑎

2
ቈ𝜋 − (−𝜋) +

sin 2𝑛𝜋 − sin(−2𝑛𝜋)

2𝑛
 

=
𝑎

2
𝜋 + 𝜋 +

0 − 0

2𝑛
൨ =

𝑎

2
[2𝜋] = 𝑎𝜋   

∴  න 𝑓(𝑥) cos 𝑛𝑥  𝑑𝑥
గ

ିగ

= 𝑎𝜋 

𝑎 =
1

𝜋
න 𝑓(𝑥) cos 𝑛𝑥  𝑑𝑥

గ

ିగ

=
1

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ

ିగ

     (8) 

(iii) To determine 𝒃𝒏: 

Multiply both sides of equation (1) with sin 𝑛𝑥 and integrating between limits – 𝜋 and 𝜋, We get 

න 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
గ

ିగ

= 𝑎 න sin 𝑛𝑥 𝑑𝑥
గ

ିగ

+ 𝑎ଵ න cos 𝑥 sin 𝑛𝑥
గ

ିగ

 𝑑𝑥 +𝑎ଶ න cos 2𝑥 sin 𝑛𝑥
గ

ିగ

𝑑𝑥 

+ ⋯ + 𝑎 න cos 𝑛𝑥 sin 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯ + 𝑏ଵ න sin 𝑥 sin 𝑛𝑥
గ

ିగ

𝑑𝑥 + 𝑏ଶ න sin 2𝑥 sin 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯

+ 𝑏 න sinଶ 𝑛𝑥
గ

ିగ

𝑑𝑥 + ⋯     (9) 

Therefore, all other terms vanish except only one term having sinଶ 𝑛𝑥, equation (9) becomes 

න 𝑓(𝑥) sin 𝑛𝑥  𝑑𝑥
గ

ିగ

= 𝑏 න sinଶ 𝑛𝑥
గ

ିగ

𝑑𝑥 

=
𝑏

2
න (1 − cos 2𝑛𝑥)

గ

ିగ

𝑑𝑥    ൬𝐴𝑠 sinଶ 𝜃 =
1 − cos 2𝜃

2
൰ 

=
𝑏

2
𝑥 −

sin 2𝑛𝑥

2𝑛
൨

ିగ

గ

=
𝑏

2
ቈ𝜋 − (−𝜋) −

sin 2𝑛𝜋 − sin(−2𝑛𝜋)

2𝑛
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=
𝑏

2
𝜋 + 𝜋 −

0 − 0

2𝑛
൨ =

𝑏

2
[2𝜋] = 𝑏𝜋 

∴  න 𝑓(𝑥) sin 𝑛𝑥  𝑑𝑥
గ

ିగ

= 𝑏𝜋 

𝑏 =
1

𝜋
න 𝑓(𝑥) sin 𝑛𝑥  𝑑𝑥

గ

ିగ

=
1

𝜋
න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗

గ

ିగ

     (10) 

Substituting values of 𝑎, 𝑎 & 𝑏 in equation (1), we get 

𝑓(𝑥) =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

+
1

𝜋
 cos 𝑛𝑥

ஶ

ୀଵ

න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ

ିగ

+
1

𝜋
 sin 𝑛𝑥

ஶ

ୀଵ

න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ

ିగ

  (11) 

The expansion as shown in RHS of equation (11) is called Fourier series for 𝑓(𝑥), in the interval 
 −𝜋 ≪ 𝑥 ≪  𝜋 and 𝑎, 𝑎 & 𝑏 are known as Fourier’s constants for 𝑓(𝑥). 

Equation (11) may be also written as  

𝑓(𝑥) =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

+
1

𝜋
 ቈන 𝑓(𝜗) cos 𝑛(𝑥 − 𝜗)  𝑑𝜗

గ

ିగ



ஶ

ୀଵ

     (12) 

[𝐴𝑠  cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵] 

Deduction from equation (11): 

(i) If 𝑓(𝑥) be an odd function of 𝑥 i.e. 𝑓(−𝑥) = −𝑓(𝑥), then first & second term of equation (11) 
become zero. i.e. 

1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

= 0,
1

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ

ିగ

= 0     (13) 

In third term of equation (11) we have 

න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ

ିగ

= 2 න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



    (14) 

Therefore equation (11) becomes: 

𝑓(𝑥) =
2

𝜋
 sin 𝑛𝑥

ஶ

ୀଵ

න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



   (15) 

(ii) If 𝑓(𝑥) be an even function of 𝑥, i.e. 𝑓(−𝑥) = 𝑓(𝑥) then 

න 𝑓(𝜗) 𝑑𝜗
గ

ିగ

= 2 න 𝑓(𝜗) 𝑑𝜗
గ



     (16)   

න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= 2 න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



    (17) 
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න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ

ିగ

= 0     (18) 

∴  𝑓(𝑥) =
1

𝜋
න 𝑓(𝜗) 𝑑𝜗

గ



+
2

𝜋
 cos 𝑛𝑥

ஶ

ୀଵ

න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



    (19) 

Corollary 1. To find a cosine series of 𝑓(𝑥) when  0 ≪ 𝑥 ≪  𝜋. 

Let us assume that 

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

    (20) 

Integrating both sides from 0 to 𝜋, equation (20) becomes 

න 𝑓(𝑥) 𝑑𝑥
గ



= 𝑎 න 𝑑𝑥
గ



=  𝑎[𝑥]
గ = 𝑎[𝜋 − 0] = 𝑎[𝜋] = 𝜋𝑎 

𝑎 =
1

𝜋
න 𝑓(𝑥) 𝑑𝑥

గ



=
1

𝜋
න 𝑓(𝜗) 𝑑𝜗

గ



         (21) 

Again, multiplying both sides of equation (20) by cos 𝑛𝑥 and integrating from 0 to 𝜋, we get 

න 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥
గ



= 𝑎 න cos 𝑛𝑥 𝑑𝑥
గ



+ 𝑎ଵ න cos 𝑥 cos 𝑛𝑥
గ



 𝑑𝑥 + ⋯ + 𝑎 න cosଶ 𝑛𝑥
గ



𝑑𝑥 + ⋯ (22)     

Therefore, all other terms vanish except only one term having cosଶ 𝑛𝑥, equation (22) becomes 

න 𝑓(𝑥) cos 𝑛𝑥  𝑑𝑥
గ



= 𝑎 න cosଶ 𝑛𝑥
గ



𝑑𝑥 

=
𝑎

2
න (1 + cos 2𝑛𝑥)

గ



𝑑𝑥  

=
𝑎

2
𝑥 +

sin 2𝑛𝑥

2𝑛
൨



గ

=
𝑎

2
𝜋 − 0 +

sin 2𝑛𝜋 − sin(0)

2𝑛
൨ =

𝑎

2
𝜋 +

0 − 0

2𝑛
൨ =

𝑎

2
[𝜋] =

𝑎𝜋

2
   

𝑎 =
2

𝜋
න 𝑓(𝑥) cos 𝑛𝑥  𝑑𝑥

గ



=
2

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ



     (23) 

Hence, 

𝑓(𝑥) =
1

𝜋
න 𝑓(𝜗) 𝑑𝜗

గ



+
2

𝜋
 cos 𝑛𝑥

ஶ

ୀଵ

ቈන 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



     (24) 

Corollary 2. To find a sine series for 𝑓(𝑥), when  0 ≪ 𝑥 ≪  𝜋. 

Let us assume that  
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𝑓(𝑥) =   𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (25) 

Multiply both sides of equation (25) with sin 𝑛𝑥 and integrating between limits 0 and 𝜋, We get 

න 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
గ



= 𝑏ଵ න sin 𝑥 sin 𝑛𝑥
గ



𝑑𝑥 + ⋯ + 𝑏 න sinଶ 𝑛𝑥
గ



𝑑𝑥 + ⋯ (26) 

All other terms vanish except only one term having sinଶ 𝑛𝑥, equation (9) becomes 

න 𝑓(𝑥) sin 𝑛𝑥  𝑑𝑥
గ



= 𝑏 න sinଶ 𝑛𝑥
గ



𝑑𝑥 

=
𝑏

2
න (1 − cos 2𝑛𝑥)

గ



𝑑𝑥    ൬𝐴𝑠 sinଶ 𝜃 =
1 − cos 2𝜃

2
൰ 

=
𝑏

2
𝑥 −

sin 2𝑛𝑥

2𝑛
൨



గ

=
𝑏

2
ቈ𝜋 − 0 −

sin 2𝑛𝜋 − sin(0)

2𝑛
 =

𝑏

2
𝜋 −

0 − 0

2𝑛
൨ =

𝑏

2
[𝜋] =

𝑏𝜋

2
 

𝑏 =
2

𝜋
න 𝑓(𝑥) sin 𝑛𝑥  𝑑𝑥

గ



=
2

𝜋
න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗

గ



     (27) 

𝑓(𝑥) =
2

𝜋
 sin 𝑛𝑥

ஶ

ୀଵ

න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



    (28) 

Corollary 3. To obtain Fourier series for function 𝑓(𝑥) in the interval (−𝑙, 𝑙) with period 2𝑙 , 

replace 𝑥 by గ௫


 , equation (1) becomes 

𝑓(𝑥) =
𝑎

2
+  𝑎 cos

𝑛𝜋𝑥

𝑙
+

ஶ

ୀଵ

  𝑏 sin
𝑛𝜋𝑥

𝑙

ஶ

ୀଵ

  

Or  

𝑓(𝑥) =
𝑎

2
+  ቀ𝑎 cos

𝑛𝜋𝑥

𝑙
+ 𝑏 sin

𝑛𝜋𝑥

𝑙
ቁ

ஶ

ୀଵ

     (29) 

Where  

𝑎 =
1

𝑙
න 𝑓(𝑥) 𝑑𝑥



ି

, 𝑎 =
1

𝑙
න 𝑓(𝑥) cos

𝑛𝜋𝑥

𝑙
 𝑑𝑥



ି

, 𝑏 =
1

𝑙
න 𝑓(𝑥) sin

𝑛𝜋𝑥

𝑙
 𝑑𝑥



ି

   (30) 

Complex Representation of a Fourier Series: 

Consider a function 𝑓(𝑡) which is periodic with a period 𝜏 =
ଶగ

ఠ
. then we can write 

𝑓(𝑡) =  𝑎𝑒ఠ௧

ஶ

ୀିஶ

     (1) 



 US05CPHY22 Unit 3 Fourier Series, Diffusion Equation and Wave Equation  

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 8 

𝜔 =
2𝜋

𝜏
, 𝑓(𝑡 + 𝜏) = 𝑓(𝑡)    (2) 

Here 𝑓(𝑡) being defined in (−∞, ∞). Now RHS of equation (1) being real, the coefficients of the 
series on the RHS of equation (1) must be such that no imaginary terms occur. 

Integrating equation (1) over 0 to 𝜏, we have 

න 𝑓(𝑡)𝑑𝑡
ఛ



= න   𝑎𝑒ఠ௧

ஶ

ୀିஶ

൩ 𝑑𝑡
ఛ



    (3) 

(In equation (3) summation is over number 𝑛 and integration is on 𝑡, since both are independent 
of each other, we can change their order.) 

න 𝑓(𝑡)𝑑𝑡
ఛ



=  𝑎

ஶ

ୀିஶ

ቈන 𝑒ఠ௧𝑑𝑡
ఛ



     (4) 

To solve equation (4), we have to solve the integral separately.  

We know that  

න 𝑒ఏ𝑑𝜃




= ቈ
𝑒ఏ

𝑚






𝑓𝑜𝑟 𝒎 ≠ 𝟎   (5) 

(From equation (5) it is seen that for 𝑚 = 0, the RHS becomes ∞. Therefore, we can use relation 
(5) only for 𝒎 ≠ 𝟎) 

Therefore, we calculate 𝑛 = 0 and 𝑛 ≠ 0 terms separately in solving the integral of equation (4). 

(i) For 𝑛 = 0 

න 𝑒ఠ௧𝑑𝑡
ఛ



= න 𝑒𝑑𝑡
ఛ



= න 𝑑𝑡
ఛ



= [𝑡]
ఛ = 𝜏 − 0 = 𝜏 

න 𝒆𝒊𝒏𝝎𝒕𝒅𝒕
𝝉

𝟎

= 𝝉 𝑓𝑜𝑟 𝒏 = 𝟎   (6) 

(ii) For 𝑛 ≠ 0 

න 𝑒ఠ௧𝑑𝑡
ఛ



= ቈ
𝑒ఠ௧

𝑖𝑛𝜔




ఛ

=
1

𝑖𝑛𝜔
 ൣ𝑒ఠ௧൧



ఛ
 

=
1

𝑖𝑛𝜔
ൣ𝑒ఠఛ − 𝑒൧ 

(From equation (2) 𝜔 =
ଶగ

ఛ
 or 𝜔𝜏 = 2𝜋) 

=
1

𝑖𝑛𝜔
ൣ𝑒ଶగ − 1൧ =

1

𝑖𝑛𝜔
ൣ𝑒ଶగ − 1൧ 

=
1

𝑖𝑛𝜔
[cos 2𝑛𝜋 + 𝑖 sin 2𝑛𝜋 − 1] =

1

𝑖𝑛𝜔
[1 + 0 − 1] = 0 
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(As sin 2𝑛𝜋 = 0, no imaginary terms appear in the equation) 

න 𝒆𝒊𝒏𝝎𝒕𝒅𝒕
𝝉

𝟎

= 𝟎  𝑓𝑜𝑟 𝒏 ≠ 𝟎    (7) 

by rewriting equation (6) and (7), 

න 𝒆𝒊𝒏𝝎𝒕𝒅𝒕
𝝉

𝟎

=
  𝟎  𝑓𝑜𝑟 𝒏 ≠ 𝟎  

𝝉 𝑓𝑜𝑟 𝒏 = 𝟎
   (8) 

Therefore equation (4) becomes: 

න 𝑓(𝑡)𝑑𝑡
ఛ



= 𝑎𝜏 

 ∴  𝑎 =
1

𝜏
 න 𝑓(𝑡)𝑑𝑡

ఛ



= 𝑓(𝑡)തതതതതത     (9) 

Here 𝑓(𝑡)തതതതതത denotes the mean value of 𝑓(𝑡). 

Now multiply equation (1) by 𝑒ିఠ௧ and integrating over 0 to 𝜏, we have 

න 𝑓(𝑡) 𝑒ିఠ௧ 𝑑𝑡
ఛ



= න   𝑎𝑒ఠ

ஶ

ୀିஶ

൩ 𝑒ି  𝑑𝑡
ఛ



  

න 𝑓(𝑡) 𝑒ିఠ௧ 𝑑𝑡
ఛ



= ⋯ + 𝑎ିଶ න 𝑒(ିଶ)ఠ௧𝑒ିఠ௧
ఛ



𝑑𝑡 + 𝑎ିଵ න 𝑒(ିଵ)ఠ௧𝑒ିఠ௧ 𝑑𝑡
ఛ



 

+𝑎 න 𝑒()ఠ௧𝑒ିఠ௧ 𝑑𝑡
ఛ



+ 𝑎ଵ න 𝑒(ଵ)ఠ௧𝑒ିఠ௧ 𝑑𝑡
ఛ



+ 𝑎ଶ න 𝑒(ଶ)ఠ௧𝑒ି  𝑑𝑡
ఛ



+ ⋯

+ 𝑎 න 𝑒()ఠ௧𝑒ିఠ  𝑑𝑡
ఛ



+ ⋯     (10) 

From equation (7), only one term of coefficient 𝑎 survives, all other terms vanish 

න 𝑓(𝑡) 𝑒ିఠ௧ 𝑑𝑡
ఛ



= 𝑎 න 𝑑𝑡
ఛ



= 𝑎𝜏 

𝑎 =
1

𝜏
 න 𝑓(𝑡) 𝑒ିఠ  𝑑𝑡

ఛ



    (11) 

Replacing 𝑛 by −𝑛 in equation (11), we get 

𝑎ି =
1

𝜏
 න 𝑓(𝑡) 𝑒ఠ௧ 𝑑𝑡

ఛ



    (12) 

From equation (11) and (12), we conclude that 

𝑎ି = 𝑎തതത    (13) 
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In order to find the usual real form of the Fourier series, equation (1) can be expressed as 

𝑓(𝑡) =  𝑎𝑒ఠ௧

ஶ

ୀିஶ

 =  𝑎𝑒ఠ௧

ିଵ

ୀିஶ

+  𝑎  +  𝑎𝑒ఠ௧

ஶ

ୀଵ

 

=  𝑎𝑒ఠ௧

ିஶ

ୀିଵ

+  𝑎  +  𝑎𝑒ఠ௧

ஶ

ୀଵ

 

=  𝑎ି𝑒ିఠ

ஶ

ୀଵ

+  𝑎  +  𝑎𝑒ఠ௧

ஶ

ୀଵ

 

𝑓(𝑡) = 𝑎 + ൣ𝑎𝑒ఠ௧ + 𝑎ି𝑒ିఠ௧൧

ஶ

ୀଵ

     (14) 

We know that: 𝑒ఏ = cos 𝜃 + 𝑖 sin 𝜃 

∴   𝑒ఠ௧ = cos 𝑛𝜔𝑡 + 𝑖 sin 𝑛𝜔𝑡 , 𝑒ିఠ௧ = cos 𝑛𝜔𝑡 − 𝑖 sin 𝑛𝜔𝑡    (15) 

Therefore equation (14) becomes 

𝑓(𝑡) = 𝑎 + [𝑎(cos 𝑛𝜔𝑡 + 𝑖 sin 𝑛𝜔𝑡) + 𝑎ି(cos 𝑛𝜔𝑡 − 𝑖 sin 𝑛𝜔𝑡)]

ஶ

ୀଵ

 

By rearranging the terms, we have 

𝑓(𝑡) = 𝑎 + (𝑎 + 𝑎ି) cos 𝑛𝜔𝑡

ஶ

ୀଵ

+  𝑖(𝑎 − 𝑎ି) sin 𝑛𝜔𝑡

ஶ

ୀଵ

    (16) 

If we take  

(𝑎 + 𝑎ି) = 𝛼, 𝑖(𝑎 − 𝑎ି) =  𝛽, 2𝑎 = 𝛼    (17) 

Equation (16) becomes: 

𝑓(𝑡) =
𝛼

2
+  𝛼 cos 𝑛𝜔𝑡

ஶ

ୀଵ

+  𝛽 sin 𝑛𝜔𝑡

ஶ

ୀଵ

     (18) 

Which is the same form of Fourier series. 
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We can determine the coefficients 𝛼 and 𝛽 by substituting values of equation (11) and (12) in 

equation (17). 

𝛼 = 𝑎 + 𝑎ି =
1

𝜏
 න 𝑓(𝑡) ൣ𝑒ିఠ௧ + 𝑒ఠ௧൧ 𝑑𝑡

ఛ



 

=
1

𝜏
 න 𝑓(𝑡) [cos 𝑛𝜔𝑡 − 𝑖 sin 𝑛𝜔𝑡 + cos 𝑛𝜔𝑡 + 𝑖 sin 𝑛𝜔𝑡] 𝑑𝑡

ఛ



 

∴  𝛼 =
2

𝜏
 න 𝑓(𝑡) cos 𝑛𝜔𝑡 𝑑𝑡

ఛ



     (19) 

𝛽 = 𝑖(𝑎 − 𝑎ି) =
1

𝜏
 න 𝑓(𝑡) 𝑖 ൣ𝑒ିఠ௧ − 𝑒ఠ௧൧ 𝑑𝑡

ఛ



 

=
1

𝜏
 න 𝑓(𝑡) 𝑖 [(cos 𝑛𝜔𝑡 − 𝑖 sin 𝑛𝜔𝑡) − (cos 𝑛𝜔𝑡 + 𝑖 sin 𝑛𝜔𝑡)] 𝑑𝑡

ఛ



 

=
1

𝜏
 න 𝑓(𝑡) 𝑖 [−2𝑖 sin 𝑛𝜔𝑡] 𝑑𝑡

ఛ



 

As 𝑖ଶ = −1, −𝑖ଶ = 1  

𝛽 =
2

𝜏
 න 𝑓(𝑡) sin 𝑛𝜔𝑡  𝑑𝑡

ఛ



    (20) 

Example: 

Obtain Fourier series for the expansion of 𝑓(𝑥) = 𝑥 sin 𝑥  in the interval −𝜋 ≪ 𝑥 ≪ 𝜋 . Hence 

deduce that 
గ

ସ
=

ଵ

ଶ
+

ଵ

ଵ∙ଷ
−

ଵ

ଷ∙ହ
+

ଵ

ହ∙
− ⋯ 

Solution: the given function 𝑓(𝑥) = 𝑥 sin 𝑥 is an even function of 𝑥 in the interval −𝜋 ≪ 𝑥 ≪ 𝜋. 

Hence the Fourier expansion of the given function 𝑥 sin 𝑥 would contain only cosine terms. 

𝑓(𝑥) = 𝑥 sin 𝑥 = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

      (1) 
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𝑎 =
1

𝜋
න 𝑓(𝜗) 𝑑𝜗

గ



=
1

𝜋
න 𝜗 sin 𝜗 𝑑𝜗

గ



         (2) 

We know the rule for integration by parts: for 𝑢(𝑥) & 𝑣(𝑥) 

න 𝑢 ∙ 𝑣 𝑑𝑥




= 𝑢 න 𝑣 𝑑𝑥 − න ൜
𝑑𝑢

𝑑𝑥
 න 𝑣 𝑑𝑥ൠ 𝑑𝑥൨





     (3) 

By taking 𝑢 = 𝜗, 𝑣 = sin 𝑣 

න 𝜗 ∙ sin 𝜗  𝑑𝜗
గ



= 𝜗 න sin 𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
 න sin 𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

= 𝜗 (− cos 𝜗) − න{− cos 𝜗}𝑑𝜗൨


గ

 

= −[𝜗 cos 𝜗]
గ + [sin 𝜗]

గ 

= −[𝜋 cos 𝜋 − 0] + [sin 𝜋 − sin 0] = −𝜋 cos 𝜋 = −𝜋(−1) = 𝜋 

න 𝜗 ∙ sin 𝜗  𝑑𝜗
గ



= 𝜋     (4) 

Therefore equation (2) becomes: 

𝑎 =
1

𝜋
න 𝜗 sin 𝜗 𝑑𝜗

గ



=
1

𝜋
× 𝜋 = 1    ∴   𝑎 = 1     (5) 

𝑎 =
2

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ



=
2

𝜋
න 𝜗 sin 𝜗 cos 𝑛𝜗  𝑑𝜗

గ



     (6) 

We know that: 𝟐 𝐜𝐨𝐬 𝑨 𝐬𝐢𝐧 𝑩 = 𝐬𝐢𝐧(𝑨 + 𝑩) − 𝐬𝐢𝐧(𝑨 − 𝑩) 

∴   2 cos 𝑛𝜗 sin 𝜗 = sin(𝑛 + 1)𝜗 − sin(𝑛 − 1)𝜗     (7)  

Therefore equation (6) becomes 

𝑎 =
2

𝜋
න 𝜗 sin 𝜗 cos 𝑛𝜗  𝑑𝜗

గ



=
1

𝜋
න 𝜗 [sin(𝑛 + 1)𝜗 − sin(𝑛 − 1)𝜗]𝑑𝜗

గ



 

𝑎 =
1

𝜋
ቈන 𝜗 sin(𝑛 + 1)𝜗  𝑑𝜗

గ



− න 𝜗 sin(𝑛 − 1)𝜗  𝑑𝜗
గ



    (8) 

Now applying rule for integration by parts, we take 𝑢 = 𝜗, 𝑣 = sin(𝑛 + 1)𝜗 in first integral of 
equation (8), we have 
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න 𝜗 sin(𝑛 + 1)𝜗  𝑑𝜗
గ



= 𝜗 න sin(𝑛 + 1)𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
න sin(𝑛 + 1)𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

= ቈ−𝜗 
cos(𝑛 + 1)𝜗

𝑛 + 1
− න ቊ−

cos(𝑛 + 1)𝜗

𝑛 + 1
ቋ 𝑑𝜗



గ

 

= ቈ−𝜗 
cos(𝑛 + 1)𝜗

𝑛 + 1
+

sin(𝑛 + 1)𝜗

(𝑛 + 1)ଶ 


గ

 

= −𝜋 
cos(𝑛 + 1)𝜋

𝑛 + 1
+ 0 +

sin(𝑛 + 1)𝜋 − sin 0

(𝑛 + 1)ଶ
 

∴  න 𝜗 sin(𝑛 + 1)𝜗  𝑑𝜗
గ



= −𝜋 
cos(𝑛 + 1)𝜋

𝑛 + 1
      (9) 

Similarly, 

න 𝜗 sin(𝑛 − 1)𝜗  𝑑𝜗
గ



= −𝜋 
cos(𝑛 − 1)𝜋

𝑛 − 1
      (10) 

Therefore equation (8) becomes 

𝑎 =
1

𝜋
ቈන 𝜗 sin(𝑛 + 1)𝜗  𝑑𝜗

గ



− න 𝜗 sin(𝑛 − 1)𝜗  𝑑𝜗
గ



 

=
1

𝜋
ቈ−𝜋 

cos(𝑛 + 1)𝜋

𝑛 + 1
− ቊ−𝜋 

cos(𝑛 − 1)𝜋

𝑛 − 1
ቋ 

=
1

𝜋
ቈ−𝜋 

cos(𝑛 + 1)𝜋

𝑛 + 1
+ 𝜋 

cos(𝑛 − 1)𝜋

𝑛 − 1
 

= −
cos(𝑛 + 1)𝜋

𝑛 + 1
+  

cos(𝑛 − 1)𝜋

𝑛 − 1
 

As cos(𝜋 + 𝜃) = − cos 𝜃 , cos(𝜋 − 𝜃) = − cos 𝜃 

𝑎 =
cos 𝑛𝜋

𝑛 + 1
−  

cos 𝑛𝜋

𝑛 − 1
= ቈ

(𝑛 − 1) − (𝑛 + 1)

(𝑛 + 1) (𝑛 − 1)
 cos 𝑛𝜋 

𝑎 = 
𝑛 − 1 − 𝑛 − 1

𝑛ଶ − 1
൨ cos 𝑛𝜋 

𝑎 = −
2 cos 𝑛𝜋

𝑛ଶ − 1
      (11) 

If we take 𝑛 = 1, above equation shows that denominator becomes zero and 𝑎 becomes ∞. 
Therefore, above equation is true only for 𝑛 ≠ 1.  

For 𝑛 = 1 equation (6) becomes: 
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𝑎 = 𝑎ଵ =
2

𝜋
න 𝜗 sin 𝜗 cos 𝜗  𝑑𝜗

గ



=
1

𝜋
න 𝜗 {2 sin 𝜗 cos 𝜗} 𝑑𝜗

గ



 

𝑎ଵ =
1

𝜋
න 𝜗 sin 2𝜗  𝑑𝜗

గ



      (12) 

By applying rule for integration by parts, we take 𝑢 = 𝜗, 𝑣 = sin 𝑛𝜗 

𝑎ଵ =
1

𝜋
𝜗 න sin 2𝜗  𝑑𝜗 − න ൜

𝑑𝜗

𝑑𝜗
න sin 2𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

=
1

𝜋
−𝜗

cos 2𝜗

2
− න ൜−

cos 2𝜗

2
ൠ 𝑑𝜗൨



గ

 

=
1

𝜋
−𝜗

cos 2𝜗

2
+

sin 2𝜗

4
൨



గ

 

=
1

𝜋
−𝜋

cos 2𝜋

2
+ 0 +

sin 2𝜋 − sin 0

4
൨ =

1

𝜋
ቂ−

𝜋

2
ቃ = −

1

2
 

𝑎ଵ = −
1

2
     (13) 

Therefore, by substituting values of equations (5), (11) & (13), equation (1) becomes 

𝑓(𝑥) = 𝑥 sin 𝑥 = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

= 𝑎 + 𝑎ଵ cos 𝑥 +  𝑎 cos 𝑛𝑥

ஶ

ୀଶ

       

𝑥 sin 𝑥 = 1 −
1

2
cos 𝑥 +  ൜−

2 cos 𝑛𝜋

𝑛ଶ − 1
ൠ cos 𝑛𝑥

ஶ

ୀଶ

 

𝑥 sin 𝑥 = 1 −
1

2
cos 𝑥 − ൜

2 cos 2𝜋

2ଶ − 1
cos 2𝑥 +

2 cos 3𝜋

3ଶ − 1
cos 3𝑥 +

2 cos 4𝜋

4ଶ − 1
cos 4𝑥 + ⋯ ൠ 

𝑥 sin 𝑥 = 1 −
1

2
cos 𝑥 − ൜

2(1)

3
cos 2𝑥 +

2(−1)

8
cos 3𝑥 +

2(1)

15
cos 4𝑥 + ⋯ ൠ 

𝑥 sin 𝑥 = 1 − 2 ൜
cos 𝑥

4
+

cos 2𝑥

1 ∙ 3
−

cos 3𝑥

2 ∙ 4
+

cos 4𝑥

3 ∙ 5
− ⋯ ൠ     (14) 

Equation (14) is a Fourier series of function 𝑥 sin 𝑥 in the interval −𝜋 ≪ 𝑥 ≪ 𝜋. 

Now substitute 𝑥 =
గ

ଶ
 in equation (14), we have 

𝜋

2
sin

𝜋

2
= 1 − 2 ቐ

cos
𝜋
2

4
+

cos 2 ቀ
𝜋
2ቁ

1 ∙ 3
−

cos 3 ቀ
𝜋
2ቁ

2 ∙ 4
+

cos 4 ቀ
𝜋
2ቁ

3 ∙ 5
− ⋯ ቑ      
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𝜋

2
sin

𝜋

2
= 1 − 2 ቐ

cos
𝜋
2

4
+

cos 𝜋

1 ∙ 3
−

cos
3𝜋
2

2 ∙ 4
+

cos 2𝜋

3 ∙ 5
− ⋯ ቑ      (15) 

As sin
గ

ଶ
= 1, cos

గ

ଶ
= cos

ଷగ

ଶ
= cos

ହగ

ଶ
= ⋯ = 0, equation (15) becomes 

𝜋

2
(1) = 1 − 2 ൜

0

4
+

(−1)

1 ∙ 3
−

0

2 ∙ 4
+

1

3 ∙ 5
− ⋯ ൠ 

𝜋

2
= 1 − 2 ൜−

1

1 ∙ 3
+

1

3 ∙ 5
−

1

5 ∙ 7
… ൠ     (16) 

Now divide both sides of equation (16) with 2, we get 

𝜋

4
=

1

2
− ൜−

1

1 ∙ 3
+

1

3 ∙ 5
−

1

5 ∙ 7
… ൠ 

∴    
𝜋

4
=

1

2
+

1

1 ∙ 3
−

1

3 ∙ 5
+

1

5 ∙ 7
− ⋯     (17) 

Which is required expression. 

Example: Find a series of sines and cosines of multiplies of 𝑥, which will represent 𝑥 + 𝑥ଶ in the 
interval −𝜋 ≪ 𝑥 ≪ 𝜋. Deduce that  

𝜋ଶ

6
= 

1

𝑛ଶ

ஶ

ୀଵ

 =  1 +
1

2ଶ
+

1

3ଶ
+ ⋯ 

Solution: Let the Fourier series of the given function 𝑓(𝑥) = 𝑥 + 𝑥ଶ be 

𝑓(𝑥) = 𝑥 + 𝑥ଶ = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

+  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

𝑎 =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

=
1

2𝜋
න [𝜗 + 𝜗ଶ] 𝑑𝜗

గ

ିగ

       (2) 

=
1

2𝜋
 ቈ

𝜗ଶ

2
+

𝜗ଷ

3


ିగ

గ

 

=
1

2𝜋
 ቈ

𝜋ଶ − (−𝜋)ଶ

2
+

𝜋ଷ − (−𝜋)ଷ

3
 =

1

2𝜋
 ቈ

𝜋ଶ − 𝜋ଶ

2
+

𝜋ଷ + 𝜋ଷ

3
 =

1

2𝜋
 ቈ

2𝜋ଷ

3
 =

𝜋ଶ

3
 

𝑎 =
𝜋ଶ

3
      (3) 

𝑎 =
1

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ

ିగ

=
1

𝜋
න [𝜗 + 𝜗ଶ] cos 𝑛𝜗  𝑑𝜗

గ

ିగ

     (4) 
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𝑎 =
1

𝜋
ቈන 𝜗 cos 𝑛𝜗  𝑑𝜗

గ

ିగ

+ න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

      (5) 

We know the rule for integration by parts:  

න 𝑢 ∙ 𝑣 𝑑𝑥




= 𝑢 න 𝑣 𝑑𝑥 − න ൜
𝑑𝑢

𝑑𝑥
 න 𝑣 𝑑𝑥ൠ 𝑑𝑥൨





     (6) 

We take 𝑢 = 𝜗, 𝑣 = cos 𝑛𝜗 in first integral of equation (5), we have 

න 𝜗 cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= 𝜗 න cos 𝑛𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
න cos 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗൨

ିగ

గ

 

= 
𝜗 sin 𝑛𝜗

𝑛
− න ൜ 

sin 𝑛𝜗

𝑛
ൠ 𝑑𝜗൨

ିగ

గ

 

= 
𝜗 sin 𝑛𝜗

𝑛
− ൜− 

cos 𝑛𝜗

𝑛ଶ
ൠ൨

ିగ

గ

=
1

𝜋

𝜗 sin 𝑛𝜗

𝑛
+ 

cos 𝑛𝜗

𝑛ଶ
൨

ିగ

గ

 

= ቈ 
𝜋 sin 𝑛𝜋 − (−𝜋) sin(−𝑛𝜋)

𝑛
+  

cos 𝑛𝜋 − cos(−𝑛𝜋)

𝑛ଶ  

=  
𝜋 sin 𝑛𝜋 − 𝜋 sin 𝑛𝜋

𝑛
+  

cos 𝑛𝜋 − cos 𝑛𝜋

𝑛ଶ ൨ = 0   

න 𝜗 cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= 0   (7) 

By taking 𝑢 = 𝜗ଶ, 𝑣 = cos 𝑛𝜗 in second integral of equation (5), we have 

න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= ቈ𝜗ଶ න cos 𝑛𝜗  𝑑𝜗 − න ቊ
𝑑𝜗ଶ

𝑑𝜗
න cos 𝑛𝜗  𝑑𝜗ቋ 𝑑𝜗

ିగ

గ

 

= ቈ 
𝜗ଶ sin 𝑛𝜗

𝑛
− න ൜2𝜗 

sin 𝑛𝜗

𝑛
ൠ 𝑑𝜗

ିగ

గ

= ቈ 
𝜗ଶ sin 𝑛𝜗

𝑛
−

2

𝑛
න 𝜗 sin 𝑛𝜗 𝑑𝜗

ିగ

గ

 

= ቈ 
𝜋ଶ sin 𝑛𝜋 − (−𝜋)ଶ sin(−𝑛𝜋)

𝑛
−

2

𝑛
න 𝜗 sin 𝑛𝜗 𝑑𝜗

గ

ିగ

   

න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= −
2

𝑛
න 𝜗 sin 𝑛𝜗 𝑑𝜗

గ

ିగ

     (8) 

By taking 𝑢 = 𝜗, 𝑣 = sin 𝑛𝜗 

න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= −
2

𝑛
න 𝜗 sin 𝑛𝜗 𝑑𝜗

గ

ିగ

= −
2

𝑛
൜𝜗 න sin 𝑛𝜗  𝑑𝜗 − න ൜

𝑑𝜗

𝑑𝜗
න sin 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗ൠ൨

ିగ

గ

 

= −
2

𝑛
−

𝜗 cos 𝑛𝜗

𝑛
− න ൜− 

cos 𝑛𝜗

𝑛
ൠ 𝑑𝜗൨

ିగ

గ
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= −
2

𝑛
−

𝜗 cos 𝑛𝜗

𝑛
+ 

sin 𝑛𝜗

𝑛ଶ
൨

ିగ

గ

= −
2

𝑛
ቈ− 

𝜋 cos 𝑛𝜋 − (−𝜋) cos(−𝑛𝜋)

𝑛
+  

sin 𝑛𝜋 − sin(−𝑛𝜋)

𝑛ଶ  

= −
2

𝑛
− 

𝜋 cos 𝑛𝜋 + 𝜋 cos 𝑛𝜋

𝑛
൨  = −

2

𝑛
− 

2𝜋 cos 𝑛𝜋

𝑛
൨ =  

4𝜋 cos 𝑛𝜋

𝑛ଶ
 

න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= −
2

𝑛
න 𝜗 sin 𝑛𝜗 𝑑𝜗

గ

ିగ

 =  
4𝜋 cos 𝑛𝜋

𝑛ଶ
   (9) 

From equation (9) we can also write as  

න 𝜗 sin 𝑛𝜗 𝑑𝜗
గ

ିగ

 =  −
2𝜋 cos 𝑛𝜋

𝑛
     (10) 

This equation will be used for further calculations. 

By substituting values of equation (7) and equation (9) in equation (5), we have 

𝑎 =
1

𝜋
ቈන 𝜗 cos 𝑛𝜗  𝑑𝜗

గ

ିగ

+ න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

 =
1

𝜋
 0 +

4𝜋 cos 𝑛𝜋

𝑛ଶ
൨ 

𝑎 =
4 cos 𝑛𝜋

𝑛ଶ
     (11) 

Similarly,  

𝑏 =
1

𝜋
න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗

గ

ିగ

=
1

𝜋
න [𝜗 + 𝜗ଶ] sin 𝑛𝜗  𝑑𝜗

గ

ିగ

 

𝑏 =
1

𝜋
ቈන 𝜗 sin 𝑛𝜗  𝑑𝜗

గ

ିగ

+ න 𝜗ଶ sin 𝑛𝜗  𝑑𝜗
గ

ିగ

       (12) 

From equation (10), we have first integral of equation (12) written as 

න 𝜗 sin 𝑛𝜗 𝑑𝜗
గ

ିగ

 =  −
2𝜋 cos 𝑛𝜋

𝑛
      (10) 

By taking 𝑢 = 𝜗ଶ, 𝑣 = sin 𝑛𝜗 in second integral of equation (12), we have 

න 𝜗ଶ sin 𝑛𝜗  𝑑𝜗
గ

ିగ

= ቈ𝜗ଶ න sin 𝑛𝜗  𝑑𝜗 − න ቊ
𝑑𝜗ଶ

𝑑𝜗
න sin 𝑛𝜗  𝑑𝜗ቋ 𝑑𝜗

ିగ

గ

 

= ቈ− 
𝜗ଶ cos 𝑛𝜗

𝑛
− න ൜−2𝜗 

cos 𝑛𝜗

𝑛
ൠ 𝑑𝜗

ିగ

గ

= ቈ− 
𝜗ଶ cos 𝑛𝜗

𝑛
+

2

𝑛
න 𝜗 cos 𝑛𝜗 𝑑𝜗

ିగ

గ

 

= ቈ− 
𝜋ଶ cos 𝑛𝜋 − (−𝜋)ଶ cos(−𝑛𝜋)

𝑛
+

2

𝑛
න 𝜗 cos 𝑛𝜗 𝑑𝜗

గ

ିగ

   

= ቈ− 
𝜋ଶ cos 𝑛𝜋 − 𝜋ଶ cos 𝑛𝜋

𝑛
+

2

𝑛
න 𝜗 cos 𝑛𝜗 𝑑𝜗

గ

ିగ
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න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

=
2

𝑛
න 𝜗 cos 𝑛𝜗 𝑑𝜗

గ

ିగ

     (13) 

But from equation (7) ∫ 𝜗 cos 𝑛𝜗  𝑑𝜗
గ

ିగ
= 0, RHS of equation (13) becomes zero. 

∴  න 𝜗ଶ sin 𝑛𝜗  𝑑𝜗
గ

ିగ

= 0  (14) 

By substituting values of equation (10) and (14) in equation (12), we have 

𝑏 =
1

𝜋
ቈන 𝜗 sin 𝑛𝜗  𝑑𝜗

గ

ିగ

+ න 𝜗ଶ sin 𝑛𝜗  𝑑𝜗
గ

ିగ

 =
1

𝜋
−

2𝜋 cos 𝑛𝜋

𝑛
+ 0൨ 

𝑏 = −
2 cos 𝑛𝜋

𝑛
    (15) 

By rewriting equations (3), (11) and (15)  

𝑎 =
𝜋ଶ

3
 , 𝑎 =

4 cos 𝑛𝜋

𝑛ଶ
 , 𝑏 = −

2 cos 𝑛𝜋

𝑛
     (16) 

Substituting values of equation (16) in equation (1), we have 

𝑓(𝑥) = 𝑥 + 𝑥ଶ = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

+  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

𝑓(𝑥) = 𝑥 + 𝑥ଶ =
𝜋ଶ

3
+  

4 cos 𝑛𝜋

𝑛ଶ ൨ cos 𝑛𝑥

ஶ

ୀଵ

+  −
2 cos 𝑛𝜋

𝑛
൨ sin 𝑛𝑥

ஶ

ୀଵ

     (17) 

By expanding the summations of equation (17), we have 

𝑓(𝑥) = 𝑥 + 𝑥ଶ =
𝜋ଶ

3
+ 4 

cos 𝜋

1ଶ
cos 𝑥 +

cos 2𝜋

2ଶ
cos 2𝑥 +

cos 3𝜋

3ଶ
cos 3𝑥 +

cos 4𝜋

4ଶ
cos 4𝑥 + ⋯ ൨

− 2 
cos 𝜋

1
sin 𝑥 +

cos 2𝜋

2
sin 2𝑥 +

cos 3𝜋

3
sin 3𝑥 +

cos 4𝜋

4
sin 4𝑥 + ⋯ ൨ 

𝑓(𝑥) = 𝑥 + 𝑥ଶ =
𝜋ଶ

3
+ 4 − cos 𝑥 +

1

2ଶ
cos 2𝑥 −

1

3ଶ
cos 3𝑥 +

1

4ଶ
cos 4𝑥 + ⋯ ൨

− 2 − sin 𝑥 +
1

2
sin 2𝑥 −

1

3
sin 3𝑥 +

1

4
sin 4𝑥 + ⋯ ൨ 

𝑓(𝑥) = 𝑥 + 𝑥ଶ =
𝜋ଶ

3
− 4 cos 𝑥 −

1

2ଶ
cos 2𝑥 +

1

3ଶ
cos 3𝑥 −

1

4ଶ
cos 4𝑥 + ⋯ ൨

+ 2 sin 𝑥 −
1

2
sin 2𝑥 +

1

3
sin 3𝑥 −

1

4
sin 4𝑥 + ⋯ ൨                    (18) 

At extremum 𝜋 and – 𝜋, the sum of series 

𝑓(𝜋) =
1

2
 [𝑓(−𝜋 + 0) + 𝑓(𝜋 − 0)] =

1

2
[−𝜋 + 𝜋ଶ + 𝜋 + 𝜋ଶ] = 𝜋ଶ 
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∴  𝑓(𝜋) = 𝜋ଶ     (19) 

Substitute 𝑥 == 𝜋 in equation (18), we have  

𝑓(𝜋) = 𝜋ଶ =
𝜋ଶ

3
− 4 cos 𝜋 −

1

2ଶ
cos 2𝜋 +

1

3ଶ
cos 3𝜋 −

1

4ଶ
cos 4𝜋 + ⋯ ൨

+ 2 sin 𝜋 −
1

2
sin 2𝜋 +

1

3
sin 3𝜋 −

1

4
sin 4𝜋 + ⋯ ൨ 

∴   𝜋ଶ =
𝜋ଶ

3
− 4 −1 −

1

2ଶ
−

1

3ଶ
−

1

4ଶ
− ⋯ ൨ 

∴   𝜋ଶ =
𝜋ଶ

3
+ 4 1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
+ ⋯ ൨ 

∴   𝜋ଶ −
𝜋ଶ

3
= 4 1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
+ ⋯ ൨ 

3𝜋ଶ − 𝜋ଶ

3
=

2𝜋ଶ

3
= 4 1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
+ ⋯ ൨ 

2𝜋ଶ

3
×

1

4
= 1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
+ ⋯ ൨ 

𝜋ଶ

6
= 1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
+ ⋯ =  

1

𝑛ଶ

ஶ

ୀଵ

    (20) 

Which is required series. 

Example: Find the series of sines and cosines of multiplies of 𝑥 which represents 𝑓(𝑥) in the 
interval −𝜋 < 𝑥 < 𝜋. Where  

𝑓(𝑥) = 0  𝑤ℎ𝑒𝑛 − 𝜋 < 𝑥 ≪ 0 

         =
𝜋𝑥

4
  𝑤ℎ𝑒𝑛 0 ≤ 𝑥 < 𝜋 

And hence deduce 
గమ

଼
= 1 +

ଵ

ଷమ +
ଵ

ହమ + ⋯ 

Solution: Let 𝑓(𝑥) be represented by Fourier series 

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

Where,  

𝑎 =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

=
1

2𝜋
ቈන 𝑓(𝜗) 𝑑𝜗



ିగ

+ න 𝑓(𝜗) 𝑑𝜗
గ



   (2) 
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𝑎 =
1

2𝜋
ቈ0 + න

𝜋𝜗

4
 𝑑𝜗

గ



 =
1

2𝜋
ቈ
𝜋

4
න 𝜗 𝑑𝜗

గ



 =
1

2𝜋

𝜋

4
ቈ
𝜗ଶ

2




గ

=
𝜋ଶ

16
 

∴    𝑎 =
𝜋ଶ

16
     (3) 

𝑎 =
1

𝜋
ቈන 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



      

𝑎 =
1

𝜋
ቈ0 + න

𝜋𝜗

4
cos 𝑛𝜗  𝑑𝜗

గ



 =
1

𝜋
ቈ
𝜋

4
න 𝜗 cos 𝑛𝜗  𝑑𝜗

గ



 

𝑎 =
1

4
ቈන 𝜗 cos 𝑛𝜗  𝑑𝜗

గ



      (4) 

By taking 𝑢 = 𝜗, 𝑣 = cos 𝑛𝜗 and using the rule for integration by parts:  

න 𝑢 ∙ 𝑣 𝑑𝑥




= 𝑢 න 𝑣 𝑑𝑥 − න ൜
𝑑𝑢

𝑑𝑥
 න 𝑣 𝑑𝑥ൠ 𝑑𝑥൨





     (5) 

𝑎 =
1

4
න 𝜗 cos 𝑛𝜗  𝑑𝜗

గ



=
1

4
𝜗 න cos 𝑛𝜗  𝑑𝜗 − න ൜

𝑑𝜗

𝑑𝜗
න cos 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

𝑎 =
1

4

𝜗 sin 𝑛𝜗

𝑛
− න ൜ 

sin 𝑛𝜗

𝑛
ൠ 𝑑𝜗൨



గ

 

=
1

4

𝜗 sin 𝑛𝜗

𝑛
− ൜− 

cos 𝑛𝜗

𝑛ଶ ൠ൨
ିగ

గ

=
1

4

𝜗 sin 𝑛𝜗

𝑛
+  

cos 𝑛𝜗

𝑛ଶ ൨


గ

 

=
1

4
 

𝜋 sin 𝑛𝜋 − 0

𝑛
+  

cos 𝑛𝜋 − cos(0)

𝑛ଶ ൨ =
1

4
 

cos 𝑛𝜋 − 1

𝑛ଶ ൨ 

𝑎 =
1

4𝑛ଶ
[ cos 𝑛𝜋 − 1]   (6) 

We know that  

cos 𝑛𝜋 = ൜
−1 𝑓𝑜𝑟 𝑛 = 1, 3, 5, …
    1 𝑓𝑜𝑟 𝑛 = 0, 2, 4, … 

 

∴    𝑎 =
(−1) − 1

4𝑛ଶ
   (7) 

Similarly, we have 

𝑏 =
1

𝜋
ቈන 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



      

𝑏 =
1

𝜋
ቈ0 + න

𝜋𝜗

4
sin 𝑛𝜗  𝑑𝜗

గ



 =
1

𝜋
ቈ
𝜋

4
න 𝜗 sin 𝑛𝜗  𝑑𝜗

గ



 =
1

4
ቈන 𝜗 sin 𝑛𝜗  𝑑𝜗

గ
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𝑏 =
1

4
ቈන 𝜗 sin 𝑛𝜗  𝑑𝜗

గ



     (8) 

 

By taking 𝑢 = 𝜗, 𝑣 = sin 𝑛𝜗 and using the rule for integration by parts:  

𝑏 =
1

4
න 𝜗 sin 𝑛𝜗  𝑑𝜗

గ



=
1

4
𝜗 න sin 𝑛𝜗  𝑑𝜗 − න ൜

𝑑𝜗

𝑑𝜗
න sin 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

=
1

4
−

𝜗 cos 𝑛𝜗

𝑛
− න ൜−

cos 𝑛𝜗

𝑛
ൠ 𝑑𝜗൨



గ

 

𝑏 =
1

4
−

𝜗 cos 𝑛𝜗

𝑛
+

sin 𝑛𝜗

𝑛ଶ
൨

ିగ

గ

=
1

4
−

𝜋 cos 𝑛𝜋 − 0

𝑛
+  

sin 𝑛𝜋 − sin 0

𝑛ଶ
൨ =

1

4
ቂ−

𝜋 cos 𝑛𝜋

𝑛
ቃ 

𝑏 = −
𝜋 cos 𝑛𝜋

4𝑛
= −

𝜋(−1)

4𝑛
 𝑜𝑟 𝑏 =

𝜋(−1)ାଵ

4𝑛
  (9) 

 

∴    𝑎 =
𝜋ଶ

16
, 𝑎 =

(−1) − 1

4𝑛ଶ
, 𝑏 = −

𝜋(−1)

4𝑛
 =

𝜋(−1)ାଵ

4𝑛
   

Equation (1) becomes  

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

 

𝑓(𝑥) =
𝜋ଶ

16
+  ቈ

(−1) − 1

4𝑛ଶ  cos 𝑛𝑥

ஶ

ୀଵ

+   ቈ
𝜋(−1)ାଵ

4𝑛
 sin 𝑛𝑥

ஶ

ୀଵ

 

By expanding the summations, we have 

𝑓(𝑥) =
𝜋ଶ

16
+ ቈ

(−1)ଵ − 1

4 ∙ 1ଶ  cos 𝑥 + ቈ
(−1)ଶ − 1

4 ∙ 2ଶ  cos 2𝑥 + ቈ
(−1)ଷ − 1

4 ∙ 3ଶ  cos 3𝑥 + ቈ
(−1)ସ − 1

4 ∙ 4ଶ  cos 4𝑥

+ ቈ
(−1)ହ − 1

4 ∙ 5ଶ  cos 5𝑥 + ⋯ +  ቈ
𝜋(−1)ଵାଵ

4 ∙ 1
 sin 𝑥 + ቈ

𝜋(−1)ଶାଵ

4 ∙ 2
 sin 2𝑥

+ ቈ
𝜋(−1)ଷାଵ

4 ∙ 3
 sin 3𝑥 + ቈ

𝜋(−1)ସାଵ

4 ∙ 4
 sin 4𝑥 + ቈ

𝜋(−1)ହାଵ

4 ∙ 5
 sin 5𝑥 + ⋯ 

𝑓(𝑥) =
𝜋ଶ

16
+ 

−2

4
൨ cos 𝑥 + 

−2

4 ∙ 3ଶ
൨ cos 3𝑥 + 

−2

4 ∙ 5ଶ
൨ cos 5𝑥 + ⋯ +  ቂ

𝜋

4 ∙ 1
ቃ sin 𝑥 + ቂ

−𝜋

4 ∙ 2
ቃ sin 2𝑥

+ ቂ
𝜋

4 ∙ 3
ቃ sin 3𝑥 + ቂ

−𝜋

4 ∙ 4
ቃ sin 4𝑥 + ቂ

𝜋

4 ∙ 5
ቃ sin 5𝑥 + ⋯ 

𝑓(𝑥) =
𝜋ଶ

16
−

1

2
cos 𝑥 +

cos 3𝑥

3ଶ
+

cos 5𝑥

5ଶ
+ ⋯ ൨ +  

𝜋

4
sin 𝑥 −

sin 2𝑥

2
+

sin 3𝑥

3
−

sin 4𝑥

4
+ ⋯ ൨ (10)  
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This is a Fourier series of a given function 𝑓(𝑥).  

At extremum 𝜋 and – 𝜋, the sum of series 

𝑓(𝜋) =
1

2
 [𝑓(−𝜋 + 0) + 𝑓(𝜋 − 0)] =

1

2
0 + ቀ

𝜋𝑥

4
ቁ

௫ୀగ
൨ =

1

2
ቈ
𝜋ଶ

4
 =

𝜋ଶ

8
 

∴  𝑓(𝜋) =
𝜋ଶ

8
     (11) 

Substitute 𝑥 = 𝜋 in equation (10), we have  

𝑓(𝜋) =
𝜋ଶ

8
=

𝜋ଶ

16
−

1

2
cos 𝜋 +

cos 3𝜋

3ଶ
+

cos 5𝜋

5ଶ
+ ⋯ ൨ +  

𝜋

4
sin 𝜋 −

sin 2𝜋

2
+

sin 3𝜋

3
−

sin 4𝜋

4
+ ⋯ ൨ 

𝜋ଶ

8
=

𝜋ଶ

16
−

1

2
−1 −

1

3ଶ
−

1

5ଶ
− ⋯ ൨ 

𝜋ଶ

8
−

𝜋ଶ

16
=

1

2
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

𝜋ଶ

16
=

1

2
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

𝜋ଶ

8
= 1 +

1

3ଶ
+

1

5ଶ
+ ⋯    (12) 

Which is required series. 

Example: Find Fourier series for 𝑓(𝑥) in the interval (−𝜋, 𝜋), where 

𝑓(𝑥) =
   𝜋 + 𝑥, 𝑤ℎ𝑒𝑛 − 𝜋 < 𝑥 < 0

  𝜋 − 𝑥, 𝑤ℎ𝑒𝑛    0 < 𝑥 < 𝜋
 

Solution: Let 𝑓(𝑥) be represented by Fourier series as 

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

Where,  

𝑎 =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

=
1

2𝜋
ቈන 𝑓(𝜗) 𝑑𝜗



ିగ

+ න 𝑓(𝜗) 𝑑𝜗
గ



   (2) 

=
1

2𝜋
ቈන (𝜋 + 𝜗)𝑑𝜗



ିగ

+ න (𝜋 − 𝜗)𝑑𝜗
గ



 

=
1

2𝜋
ቊ𝜋𝜗 +

𝜗ଶ

2
ቋ

ିగ



+ ቊ𝜋𝜗 −
𝜗ଶ

2
ቋ



గ

൩ 
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=
1

2𝜋
ቈ0 − ቊ𝜋(−𝜋) +

(−𝜋)ଶ

2
ቋ + ቊ𝜋(𝜋) −

(𝜋)ଶ

2
ቋ − 0 =

1

2𝜋
ቈ𝜋ଶ −

𝜋ଶ

2
+ 𝜋ଶ −

𝜋ଶ

2
 =

1

2𝜋
[𝜋ଶ] 

 ∴   𝑎 =
𝜋

2
     (3) 

𝑎 =
1

𝜋
ቈන 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



      

𝑎 =
1

𝜋
ቈන (𝜋 + 𝜗) cos 𝑛𝜗  𝑑𝜗



ିగ

+ න (𝜋 − 𝜗) cos 𝑛𝜗  𝑑𝜗
గ



 

𝑎 =
1

𝜋
ቈන 𝜋 cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝜗 cos 𝑛𝜗  𝑑𝜗


ିగ

+ න 𝜋 cos 𝑛𝜗  𝑑𝜗
గ



− න 𝜗 cos 𝑛𝜗  𝑑𝜗
గ



      (4) 

We calculate each term separately, 

න 𝜋 cos 𝑛𝜗  𝑑𝜗


ିగ

= 𝜋 ൜ 
sin 𝑛𝜗

𝑛
ൠ

ିగ



= 𝜋 ൜ 
sin 0 − sin(−𝑛𝜋)

𝑛
ൠ = 0      (5) 

න 𝜋 cos 𝑛𝜗  𝑑𝜗
గ



= 𝜋 ൜ 
sin 𝑛𝜗

𝑛
ൠ



గ

= 𝜋 ൜ 
sin 𝑛𝜋 − sin 0

𝑛
ൠ = 0        (6) 

By taking 𝑢 = 𝜗, 𝑣 = cos 𝑛𝜗  and using the rule for integration by parts in second and fourth 
integral, we have:  

න 𝑢 ∙ 𝑣 𝑑𝑥




= 𝑢 න 𝑣 𝑑𝑥 − න ൜
𝑑𝑢

𝑑𝑥
 න 𝑣 𝑑𝑥ൠ 𝑑𝑥൨





     (7) 

න 𝜗 cos 𝑛𝜗  𝑑𝜗


ିగ

= ൜𝜗 න cos 𝑛𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
න cos 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗ൠ

ିగ



 

= ൜𝜗 ൬ 
sin 𝑛𝜗

𝑛
൰ − න ൜ 

sin 𝑛𝜗

𝑛
ൠ 𝑑𝜗ൠ

ିగ



= ൜
𝜗 sin 𝑛𝜗

𝑛
− ൬− 

cos 𝑛𝜗

𝑛ଶ
൰ൠ

ିగ



= ൜
𝜗 sin 𝑛𝜗

𝑛
+

cos 𝑛𝜗

𝑛ଶ
ൠ

ିగ



 

=
0 − (−𝜋) sin(−𝑛𝜋)

𝑛
+

cos 0 − cos(−𝑛𝜋)

𝑛ଶ
=

1 − cos 𝑛𝜋

𝑛ଶ
       (8) 

න 𝜗 cos 𝑛𝜗  𝑑𝜗
గ



= ൜
𝜗 sin 𝑛𝜗

𝑛
+

cos 𝑛𝜗

𝑛ଶ
ൠ



గ

=
𝜋 sin 𝑛𝜋 − 0

𝑛
+

cos 𝑛𝜋 − cos 0

𝑛ଶ
=

cos 𝑛𝜋 − 1

𝑛ଶ
      (9) 

By substituting values of equations (5), (6), (8) & (9) in equation (4), we have 

𝑎 =
1

𝜋
ቈන 𝜋 cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝜗 cos 𝑛𝜗  𝑑𝜗


ିగ

+ න 𝜋 cos 𝑛𝜗  𝑑𝜗
గ



− න 𝜗 cos 𝑛𝜗  𝑑𝜗
గ



 

𝑎 =
1

𝜋
0 +

1 − cos 𝑛𝜋

𝑛ଶ
+ 0 −

cos 𝑛𝜋 − 1

𝑛ଶ
൨ =

2

𝜋𝑛ଶ
[1 − cos 𝑛𝜋] =   

2

𝜋𝑛ଶ
[1 − (−1)]    
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𝑎 =
2

𝜋𝑛ଶ
[1 − (−1)]       (10) 

Similarly, we have 

𝑏 =
1

𝜋
ቈන 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



      

𝑏 =
1

𝜋
ቈන (𝜋 + 𝜗) sin 𝑛𝜗  𝑑𝜗



ିగ

+ න (𝜋 − 𝜗) sin 𝑛𝜗  𝑑𝜗
గ



 

𝑏 =
1

𝜋
ቈන 𝜋 sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝜗 sin 𝑛𝜗  𝑑𝜗


ିగ

+ න 𝜋 sin 𝑛𝜗  𝑑𝜗
గ



− න 𝜗 sin 𝑛𝜗  𝑑𝜗
గ



      (11) 

We calculate each term separately, 

න 𝜋 sin 𝑛𝜗  𝑑𝜗


ିగ

= 𝜋 ൜−
cos 𝑛𝜗

𝑛
ൠ

ିగ



= 𝜋 ൜− 
cos 0 − cos(−𝑛𝜋)

𝑛
ൠ =

𝜋

𝑛
( cos 𝑛𝜋 − 1)      (12) 

න 𝜋 sin 𝑛𝜗  𝑑𝜗
గ



= 𝜋 ൜−
cos 𝑛𝜗

𝑛
ൠ



గ

= 𝜋 ൜− 
cos 𝑛𝜋 − cos 0

𝑛
ൠ =

𝜋

𝑛
( 1 − cos 𝑛𝜋)      (13) 

By taking 𝑢 = 𝜗, 𝑣 = cos 𝑛𝜗  and using the rule for integration by parts in second and fourth 
integral, we have:  

න 𝜗 sin 𝑛𝜗  𝑑𝜗


ିగ

= ൜𝜗 න sin 𝑛𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
න sin 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗ൠ

ିగ



 

= ൜𝜗 ൬− 
cos 𝑛𝜗

𝑛
൰ − න ൜− 

cos 𝑛𝜗

𝑛
ൠ 𝑑𝜗ൠ

ିగ



= ൜−
𝜗 cos 𝑛𝜗

𝑛
+

sin 𝑛𝜗

𝑛ଶ ൠ
ିగ



 

= −
0 − (−𝜋) cos(−𝑛𝜋)

𝑛
+

sin 0 − sin(−𝑛𝜋)

𝑛ଶ
= −

𝜋 cos 𝑛𝜋

𝑛
       (14) 

න 𝜗 sin 𝑛𝜗  𝑑𝜗
గ



= ൜−
𝜗 cos 𝑛𝜗

𝑛
+

sin 𝑛𝜗

𝑛ଶ ൠ


గ

= −
𝜋 cos 𝑛𝜋 − 0

𝑛
+

sin 𝑛𝜋 − sin 0

𝑛ଶ
= −

𝜋 cos 𝑛𝜋

𝑛
     (15) 

By substituting values of equations (12), (13), (14) & (15) in equation (11), we have 

𝑏 =
1

𝜋
ቈන 𝜋 sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝜗 sin 𝑛𝜗  𝑑𝜗


ିగ

+ න 𝜋 sin 𝑛𝜗  𝑑𝜗
గ



− න 𝜗 sin 𝑛𝜗  𝑑𝜗
గ



 

=
1

𝜋
ቂ
𝜋

𝑛
( cos 𝑛𝜋 − 1) +

𝜋

𝑛
( 1 − cos 𝑛𝜋) −

𝜋 cos 𝑛𝜋

𝑛
− ቀ−

𝜋 cos 𝑛𝜋

𝑛
ቁቃ 

=
1

𝜋
∙

𝜋

𝑛
[cos 𝑛𝜋 − 1 + 1 − cos 𝑛𝜋 − cos 𝑛𝜋 + cos 𝑛𝜋] = 0 

∴   𝑏 = 0     (16) 
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∴   𝑎 =
𝜋

2
, 𝑎 =

2

𝜋𝑛ଶ
[1 − (−1)], 𝑏 = 0     (17) 

Equation (1) becomes  

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

+   𝑏 sin 𝑛𝑥

ஶ

ୀଵ

= 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

 

𝑓(𝑥) =
𝜋

2
+ 

2

𝜋𝑛ଶ
[1 − (−1)] cos 𝑛𝑥

ஶ

ୀଵ

=
𝜋

2
+

2

𝜋


[1 − (−1)]

𝑛ଶ
cos 𝑛𝑥

ஶ

ୀଵ

 

By expanding the summations, we have 

𝑓(𝑥) =
𝜋

2
+

2

𝜋

⎣
⎢
⎢
⎡
[1 − (−1)]

1ଶ
cos 𝑥 +

[1 − (−1)ଶ]

2ଶ
cos 2𝑥 +

[1 − (−1)ଷ]

3ଶ
cos 3𝑥

+
[1 − (−1)ସ]

4ଶ
cos 4𝑥 +

[1 − (−1)ହ]

5ଶ
cos 5𝑥 + ⋯

⎦
⎥
⎥
⎤
 

𝑓(𝑥) =
𝜋

2
+

2

𝜋
2 cos 𝑥 +

2

3ଶ
cos 3𝑥 +

2

5ଶ
cos 5𝑥 + ⋯ ൨ 

𝑓(𝑥) =
𝜋

2
+

4

𝜋
cos 𝑥 +

1

3ଶ
cos 3𝑥 +

1

5ଶ
cos 5𝑥 + ⋯ ൨     (18) 

This is a Fourier series of a given function 𝑓(𝑥).  

Example: Obtain the Fourier Series for a function 𝑓(𝑥), where 

𝑓(𝑥) =
cos 𝑥   𝑓𝑜𝑟    0 ≤ 𝑥 ≤ 𝜋

− cos 𝑥    𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0
 

Solution: Let the Fourier series represented by 

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

𝑎 =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

=
1

2𝜋
ቈන 𝑓(𝜗) 𝑑𝜗



ିగ

+ න 𝑓(𝜗) 𝑑𝜗
గ



 

𝑎 =
1

2𝜋
ቈන (−𝑐𝑜𝑠𝜗) 𝑑𝜗



ିగ

+ න cos 𝜗  𝑑𝜗
గ



 

𝑎 =
1

2𝜋
[−{sin 𝜗}ିగ

 + {sin 𝜗}
గ] =

1

2𝜋
[−{sin 0 − sin(−𝜋)} + {sin 𝜋 − sin 0}] = 0 

∴    𝑎 = 0   (2) 

𝑎 =
1

𝜋
න 𝑓(𝜗) cos 𝑛𝜗 𝑑𝜗

గ

ିగ
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𝑎 =
1

𝜋
ቈන 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



      

=
1

𝜋
ቈ− න cos 𝜗 cos 𝑛𝜗  𝑑𝜗



ିగ

+ න cos 𝜗 cos 𝑛𝜗  𝑑𝜗
గ



     (3) 

We know that 2 cos 𝐴 cos 𝐵 = cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵) 

∴  𝑎 =
1

𝜋
ቈ− න

1

2
{cos(𝑛 + 1)𝜗 + cos(𝑛 − 1)𝜗} 𝑑𝜗



ିగ

+ න
1

2
{cos(𝑛 + 1)𝜗 + cos(𝑛 − 1)𝜗} 𝑑𝜗

గ



 

𝑎 =
1

2𝜋
− ቊ

sin(𝑛 + 1)𝜗

𝑛 + 1
+

sin(𝑛 − 1)𝜗

𝑛 − 1
ቋ

ିగ



+ ቊ
sin(𝑛 + 1)𝜗

𝑛 + 1
+

sin(𝑛 − 1)𝜗

𝑛 − 1
ቋ



గ

൩ = 0 

∴  𝑎 = 0     (4) 

𝑏 =
1

𝜋
ቈන 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



      

𝑏 =
1

𝜋
ቈ− න cos 𝜗 sin 𝑛𝜗  𝑑𝜗



ିగ

+ න cos 𝜗 sin 𝑛𝜗  𝑑𝜗
గ



     (5) 

We know that 2 sin 𝐴 cos 𝐵 = sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵) 

∴ 𝑏 =
1

𝜋
ቈ− න

1

2
{sin(𝑛 + 1)𝜗 + sin(𝑛 − 1)𝜗} 𝑑𝜗



ିగ

+ න
1

2
{sin(𝑛 + 1)𝜗 + sin(𝑛 − 1)𝜗} 𝑑𝜗

గ



 

∴ 𝑏 =
1

2𝜋
− ቊ−

cos(𝑛 + 1)𝜗

𝑛 + 1
−

cos(𝑛 − 1)𝜗

𝑛 − 1
ቋ

ିగ



+ ቊ−
cos(𝑛 + 1)𝜗

𝑛 + 1
−

cos(𝑛 − 1)𝜗

𝑛 − 1
ቋ



గ

൩ 

∴ 𝑏 =
1

2𝜋
ቈ
cos 0 − cos(𝑛 + 1)(−𝜋)

𝑛 + 1
+

cos 0 − cos(𝑛 − 1)(−𝜋)

𝑛 − 1
−

cos(𝑛 + 1)𝜋 − cos 0

𝑛 + 1

−
cos(𝑛 − 1)𝜋 − cos 0

𝑛 − 1
 

∴ 𝑏 =
1

2𝜋
ቈ
1 − cos(𝑛 + 1)𝜋

𝑛 + 1
+

1 − cos(𝑛 − 1)𝜋

𝑛 − 1
−

cos(𝑛 + 1)𝜋 − 1

𝑛 + 1
−

cos(𝑛 − 1)𝜋 − 1

𝑛 − 1
 

∴ 𝑏 =
1

2𝜋
ቈ
2 − 2 cos(𝑛 + 1)𝜋

𝑛 + 1
+

2 − 2 cos(𝑛 − 1)𝜋

𝑛 − 1
 

As cos(𝜋 + 𝜃) = − cos 𝜃 , cos(𝜋 − 𝜃) = − cos 𝜃  ∴  cos(𝑛 + 1)𝜋 = − cos 𝑛𝜋 , cos(𝑛 − 1)𝜋 = − cos 𝑛𝜋 

∴ 𝑏 =
1

𝜋

1 + cos 𝑛𝜋

𝑛 + 1
+

1 + cos 𝑛𝜋

𝑛 − 1
൨ =

1

𝜋
൬

1

𝑛 + 1
+

1

𝑛 − 1
൰ [1 + cos 𝑛𝜋] 

=
1

𝜋
൬

𝑛 − 1 + 𝑛 + 1

𝑛ଶ − 1
൰ [1 + cos 𝑛𝜋] =

1

𝜋
൬

2𝑛

𝑛ଶ − 1
൰ [1 + cos 𝑛𝜋] 
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∴ 𝑏 =
2𝑛

𝜋(𝑛ଶ − 1)
[1 + cos 𝑛𝜋] 

∴ 𝑏 =
2𝑛

𝜋(𝑛ଶ − 1)
[1 + (−1)]     (5) 

Above equation is true for 𝑛 ≠ 1. Because for 𝑛 = 1, 𝑏 = 𝑏ଵ =



, which is indefinite. 

For 𝑛 = 1, equation (5) becomes 

𝑏ଵ =
1

𝜋
ቈ− න cos 𝜗 sin 𝜗  𝑑𝜗



ିగ

+ න cos 𝜗 sin 𝜗  𝑑𝜗
గ



 =
1

2𝜋
ቈ− න sin 2𝜗  𝑑𝜗



ିగ

+ න sin 2𝜗  𝑑𝜗
గ



 

(As 2 sin 𝜃 cos 𝜃 = sin 2𝜃) 

𝑏ଵ =
1

2𝜋
ቈ− ൜−

cos 2𝜗

2
ൠ

ିగ



+ ൜−
cos 2𝜗

2
ൠ



గ

 =
1

4𝜋
[{cos 2𝜗}ିగ

 − {cos 2𝜗}
గ] 

=
1

4𝜋
[{cos 0 − cos(−2𝜋)} − {cos 2𝜋 − cos 0}] =

1

4𝜋
[{1 − 1} − {1 − 1}] = 0 

∴    𝑎 = 0, 𝑎 = 0, 𝑏ଵ = 0, 𝑏 =
2𝑛

𝜋(𝑛ଶ − 1)
[1 + (−1)]       (6) 

Equation (1) becomes  

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

+   𝑏 sin 𝑛𝑥

ஶ

ୀଵ

 

𝑓(𝑥) =  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

= 𝑏ଵ sin 𝑥 +  𝑏 sin 𝑛𝑥

ஶ

ୀଶ

 

𝑓(𝑥) = 0 + 
2𝑛

𝜋(𝑛ଶ − 1)
[1 + (−1)] sin 𝑛𝑥

ஶ

ୀଶ

=
2

𝜋


𝑛[1 + (−1)]

(𝑛ଶ − 1)
sin 𝑛𝑥

ஶ

ୀଶ

 

On expanding the summation, we have 

𝑓(𝑥) =
2

𝜋
ቈ
2[1 + (−1)ଶ]

(2ଶ − 1)
sin 2𝑥 +

3[1 + (−1)ଷ]

(3ଶ − 1)
sin 3𝑥 +

4[1 + (−1)ସ]

(4ଶ − 1)
sin 4𝑥

+
5[1 + (−1)ହ]

(5ଶ − 1)
sin 5𝑥 +

6[1 + (−1)]

(6ଶ − 1)
sin 6𝑥 + ⋯  

𝑓(𝑥) =
2

𝜋

4

3
sin 2𝑥 +

8

15
sin 4𝑥 +

12

35
sin 6𝑥 + ⋯ ൨ 

𝑓(𝑥) =
4

𝜋


2

1 ∙ 3
sin 2𝑥 +

4

3 ∙ 5
sin 4𝑥 +

6

5 ∙ 7
sin 6𝑥 + ⋯ ൨     (7) 

Which is the required series. 
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Example: Find the values of ∑
ଵ

మ
ஶ
ୀଵ  using Fourier series. 

Solution: Let 𝑓(𝑥) = 𝑥ଶ 

𝑓(𝑥) = 𝑥ଶ = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

+   𝑏 sin 𝑛𝑥

ஶ

ୀଵ

      (1) 

As the function is even function, 𝑓(−𝑥) = (−𝑥)ଶ = 𝑥ଶ = 𝑓(𝑥), 𝑏 = 0       (2) 

Therefore equation (1) becomes, 

𝑓(𝑥) = 𝑥ଶ = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

      (3) 

𝑎 =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

=
1

2𝜋
න 𝜗ଶ 𝑑𝜗

గ

ିగ

=
1

2𝜋
ቈ
𝜗ଷ

3


ିగ

గ

=
1

2𝜋
ቈ
𝜋ଷ − (−𝜋)ଷ

3
 =

1

2𝜋
ቈ
2𝜋ଷ

3
 =

𝜋ଶ

3
     (4) 

𝑎 =
1

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ

ିగ

=
1

𝜋
න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗

గ

ିగ

 

We have derived equation (9) of example (2) as, 

න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗
గ

ିగ

= −
2

𝑛
න 𝜗 sin 𝑛𝜗 𝑑𝜗

గ

ିగ

 =  
4𝜋 cos 𝑛𝜋

𝑛ଶ
 

∴  𝑎 =
1

𝜋
න 𝜗ଶ cos 𝑛𝜗  𝑑𝜗

గ

ିగ

=
1

𝜋

4𝜋 cos 𝑛𝜋

𝑛ଶ
൨ =

4 cos 𝑛𝜋

𝑛ଶ
= (−1)

4

𝑛ଶ
      (5) 

Therefore equation (3) becomes, 

𝑓(𝑥) = 𝑥ଶ = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

=
𝜋ଶ

3
+  (−1)

4

𝑛ଶ
 ൨ cos 𝑛𝑥

ஶ

ୀଵ

     (6)  

By expanding the summation of equation (6), we have 

𝑥ଶ =
𝜋ଶ

3
+ (−1)

4

1ଶ
cos 𝑥 + (−1)ଶ

4

2ଶ
cos 2𝑥 + (−1)ଷ

4

3ଶ
cos 3𝑥 + (−1)ସ

4

4ଶ
cos 4𝑥 + ⋯      

𝑥ଶ =
𝜋ଶ

3
− 4 cos 𝑥 −

1

2ଶ
cos 2𝑥 +

1

3ଶ
cos 3𝑥 −

1

4ଶ
cos 4𝑥 … ൨      (7) 

For 𝑥 = 0, equation (7) becomes 

0 =
𝜋ଶ

3
− 4 cos 0 −

1

2ଶ
cos 0 +

1

3ଶ
cos 0 −

1

4ଶ
cos 0 … ൨ 

0 =
𝜋ଶ

3
− 4 1 −

1

2ଶ
+

1

3ଶ
−

1

4ଶ
… ൨ 
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∴ 0 =
𝜋ଶ

3
− 4 1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
… −

2

2ଶ
−

2

4ଶ
− ⋯ ൨ 

∴ 0 =
𝜋ଶ

3
− 4 ൜1 +

1

2ଶ
+

1

3ଶ
+

1

4ଶ
… ൠ −

2

2ଶ
൜1 +

1

2ଶ
+ ⋯ ൠ൨ 

 

0 =
𝜋ଶ

3
− 4 

1

𝑛ଶ

ஶ

ୀଵ

−
1

2


1

𝑛ଶ

ஶ

ୀଵ

൩ =
𝜋ଶ

3
− 2 

1

𝑛ଶ

ஶ

ୀଵ

 

𝜋ଶ

3
= 2 

1

𝑛ଶ

ஶ

ୀଵ

   ∴  
𝜋ଶ

6
= 

1

𝑛ଶ

ஶ

ୀଵ

 

∴  
1

𝑛ଶ

ஶ

ୀଵ

=
𝜋ଶ

6
 

Which is required expression. 

Example: Using Fourier series prove that: 


1

(2𝑛 − 1)ଶ

ஶ

ୀଵ

=
𝜋ଶ

8
 

The LHS of above equation is expanding as  


1

(2𝑛 − 1)ଶ

ஶ

ୀଵ

= 1 +
1

3ଶ
+

1

5ଶ
… 

= 1 +
1

2ଶ
+

1

3ଶ
+

1

4ଶ
+

1

5ଶ
… −

1

2ଶ
−

1

4ଶ
− ⋯  

= ൜1 +
1

2ଶ
+

1

3ଶ
+

1

4ଶ
+

1

5ଶ
… ൠ −

1

2ଶ
൜1 +

1

2ଶ
+ ⋯ ൠ 

= 
1

𝑛ଶ

ஶ

ୀଵ

−
1

4


1

𝑛ଶ

ஶ

ୀଵ

=
3

4


1

𝑛ଶ

ஶ

ୀଵ

=
3

4
ቆ

𝜋ଶ

6
ቇ =

𝜋ଶ

8
 

We know that ∑ ଵ

మ
ஶ
ୀଵ =

గమ


 

∴  
1

(2𝑛 − 1)ଶ

ஶ

ୀଵ

=
𝜋ଶ

8
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Example: Find a series of cosines of multiplies of 𝑥 which represents 𝑥 in the interval (0, 𝜋).  
Hence deduce that: 

 

𝜋ଶ

8
= 1 +

1

3ଶ
+

1

5ଶ
… 

Draw graph of the function. 

Solution: Let 𝑓(𝑥) = 𝑥 be the function. The Fourier series is given as 

𝑓(𝑥) = 𝑥 = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

      (1) 

𝑎 =
1

𝜋
න 𝑓(𝜗) 𝑑𝜗

గ



=
1

𝜋
න 𝜗 𝑑𝜗

గ



=
1

𝜋
ቈ
𝜗ଶ

2




గ

=
1

𝜋
ቈ
𝜋ଶ

2
 =

𝜋

2
     (2) 

𝑎 =
2

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ



=
2

𝜋
න 𝜗 cos 𝑛𝜗  𝑑𝜗

గ



  

By taking 𝑢 = 𝜗, 𝑣 = cos 𝑛𝜗 and using rule for integration by parts, we have 

𝑎 =  
2

𝜋
 𝜗 න cos 𝑛𝜗  𝑑𝜗 − න ൜

𝑑𝜗

𝑑𝜗
න cos 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

=
2

𝜋
 

𝜗 sin 𝑛𝜗

𝑛
− න ൜

sin 𝑛𝜗

𝑛
ൠ 𝑑𝜗൨



గ

=
2

𝜋
 

𝜗 sin 𝑛𝜗

𝑛
+

cos 𝑛𝜗

𝑛ଶ
൨



గ

 

=
2

𝜋
 

𝜋 sin 𝑛𝜋 − 0

𝑛
+

cos 𝑛𝜋 − cos 0

𝑛ଶ
൨ =

2

𝜋
 

(−1) − 1

𝑛ଶ
൨ 

∴  𝑎 = −
2

𝜋
 ቈ

1 − (−1)

𝑛ଶ      (3) 

Therefore equation (1) becomes, 

𝑓(𝑥) = 𝑥 = 𝑎 +  𝑎 cos 𝑛𝑥

ஶ

ୀଵ

=
𝜋

2
−

2

𝜋
  ቈ

1 − (−1)

𝑛ଶ  cos 𝑛𝑥

ஶ

ୀଵ

     (4) 

On expanding the summation in equation (4), we have 

𝑥 =
𝜋

2
−

2

𝜋

⎣
⎢
⎢
⎢
⎡ቊ

1 − (−1)

1ଶ ቋ cos 𝑥 + ቊ
1 − (−1)ଶ

2ଶ ቋ cos 2𝑥 + ቊ
1 − (−1)ଷ

3ଶ ቋ cos 3𝑥

+ ቊ
1 − (−1)ସ

4ଶ ቋ cos 4𝑥 + ቊ
1 − (−1)ଷ

5ଶ ቋ cos 5𝑥 + ⋯
⎦
⎥
⎥
⎥
⎤

 

𝑥 =
𝜋

2
−

2

𝜋
2 cos 𝑥 +

2

3ଶ
cos 3𝑥 +

2

5ଶ
cos 5𝑥 + ⋯ ൨ 
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𝑥 =
𝜋

2
−

4

𝜋
cos 𝑥 +

1

3ଶ
cos 3𝑥 +

1

5ଶ
cos 5𝑥 + ⋯ ൨     (5) 

By taking 𝑥 = 0 in equation (5), we have 

0 =
𝜋

2
−

4

𝜋
cos 0 +

1

3ଶ
cos 0 +

1

5ଶ
cos 0 … ൨ =

𝜋

2
−

4

𝜋
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

𝜋

2
=

4

𝜋
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

𝜋ଶ

8
= 1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨     (6) 

This is the required series. Equation (5) is rewritten for 𝑦 = 𝑥 as 

𝑦 = 𝑥 =
𝜋

2
−

4

𝜋
cos 𝑥 +

1

3ଶ
cos 3𝑥 +

1

5ଶ
cos 5𝑥 + ⋯ ൨  

In the interval (0, 𝜋) , the line 𝑦 = 𝑥  gives the curves represented by the series. Hence 𝑓(𝑥) 
represented by the above Fourier series contains cosine terms only. So, this is an even function 
and the curve is symmetrical about the axis of 𝑦 along which 𝑓(𝑥) is plotted. Period of the series 
is 2𝜋 , hence the portion between −𝜋 to 𝜋 , repeats indefinitely on both sides and the sum is 
continuous for all values of 𝑥. 

     

In fact, the graph of the sum of 𝑛 terms of Fourier series for 𝑓(𝑥) approximates to the graph of 
𝑓(𝑥) the greater value of 𝑛 is, the closer is the approximation. With three terms in equation (5), 
the graph is as shown in figure (2). 

Example: Find the series of sines of multiples of 𝑥 which represents 𝑥 in the interval 𝜋 ≥ 𝑥 ≥ 0. 
Show by a graph the nature of the series. 

Let 𝑓(𝑥) = 𝑥 be a function. 

𝑓(𝑥) = 𝑥 =  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

      (1) 

𝑏 =
2

𝜋
න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗

గ



=
2

𝜋
න 𝜗 sin 𝑛𝜗  𝑑𝜗

గ



      (2) 

By taking 𝑢 = 𝜗, 𝑣 = sin 𝑛𝜗 and using rule of integration by parts. 
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𝑏 =  
2

𝜋
 𝜗 න sin 𝑛𝜗  𝑑𝜗 − න ൜

𝑑𝜗

𝑑𝜗
න sin 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗൨



గ

 

=
2

𝜋
 −

𝜗 cos 𝑛𝜗

𝑛
− න ൜−

cos 𝑛𝜗

𝑛
ൠ 𝑑𝜗൨



గ

=
2

𝜋
 −

𝜗 cos 𝑛𝜗

𝑛
+

sin 𝑛𝜗

𝑛ଶ ൨


గ

 

=
2

𝜋
 −

𝜋 cos 𝑛𝜋 − 0

𝑛
+

sin 𝑛𝜋 − sin 0

𝑛ଶ
൨ =

2

𝜋
 ቂ−

𝜋 cos 𝑛𝜋

𝑛
ቃ = −

2

𝑛
 [cos 𝑛𝜋] 

∴  𝑏 = −
2

𝑛
 (−1) =  

2

𝑛
 (−1)ାଵ    (3) 

Therefore equation (1) becomes 

𝑥 =  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

= 
2

𝑛
 (−1)ାଵ sin 𝑛𝑥

ஶ

ୀଵ

= 2 
(−1)ାଵ sin 𝑛𝑥

𝑛
 

ஶ

ୀଵ

 

By expanding the summation, we have 

𝑥 = 2 ቈ
(−1)ଵାଵ sin 𝑥

1
+

(−1)ଶାଵ sin 2𝑥

2
+

(−1)ଷାଵ sin 3𝑥

3
+ ⋯  

𝑥 = 2 sin 𝑥 −
sin 2𝑥

2
+

sin 3𝑥

3
+ ⋯ ൨     (4) 

This sum is discontinuous at 𝑥 = 𝜋. When we draw a graph, the curve is symmetrical about the 
origin. The series represented between (−𝜋, 𝜋) repeat identically in both the directions. The 
points ± 𝜋, ± 2𝜋, ± 3𝜋, … are points of discontinuity. 

 

Example: Find the Fourier series for the periodic function 𝑓(𝑥) defined by 

𝑓(𝑥)
        = −𝜋, 𝑖𝑓 − 𝜋 < 𝑥 < 0

    =    𝑥, 𝑖𝑓  0 < 𝑥 < 𝜋
 

Hence prove that  గ
మ

଼
= 1 +

ଵ

ଷమ +
ଵ

ହమ …. 

Solution: Let 𝑓(𝑥) be a function having Fourier series 

𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

     (1) 

𝑎 =
1

2𝜋
න 𝑓(𝜗) 𝑑𝜗

గ

ିగ

=
1

2𝜋
ቈන 𝑓(𝜗) 𝑑𝜗



ିగ

+ න 𝑓(𝜗) 𝑑𝜗
గ



         (2) 
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=
1

2𝜋
ቈන (−𝜋)𝑑𝜗



ିగ

+ න 𝜗 𝑑𝜗
గ



 =
1

2𝜋
ቈ{−𝜋𝜗}ିగ

 + ቊ
𝜗ଶ

2
ቋ



గ

 

=
1

2𝜋
ቈ0 − 𝜋ଶ +

𝜋ଶ

2
− 0 =

1

2𝜋
ቈ−

𝜋ଶ

2
 = −

𝜋

4
      (3) 

𝑎 =
1

𝜋
න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗

గ

ିగ

=
1

𝜋
ቈන 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) cos 𝑛𝜗  𝑑𝜗
గ



 

=
1

𝜋
ቈන (−𝜋) cos 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝜗 cos 𝑛𝜗  𝑑𝜗
గ



 

=
1

𝜋
ቈ൜(−𝜋)

sin 𝑛𝜗

𝑛
ൠ

ିగ



+ ൜𝜗 න cos 𝑛𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
න cos 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗ൠ



గ

 

=
1

𝜋
ቈ൜(−𝜋)

sin 0 − sin(−𝑛𝜋)

𝑛
ൠ + ൜

𝜗 sin 𝑛𝜗

𝑛
− න ൜

sin 𝑛𝜗

𝑛
ൠ 𝑑𝜗ൠ



గ

 

=
1

𝜋

𝜗 sin 𝑛𝜗

𝑛
+

cos 𝑛𝜗

𝑛ଶ
൨



గ

=
1

𝜋

𝜋 sin 𝑛𝜋 − 0

𝑛
+

cos 𝑛𝜋 − cos 0

𝑛ଶ
൨ 

∴  𝑎 =
1

𝜋𝑛ଶ
[cos 𝑛𝜋 − 1]      (4) 

𝑏 =
1

𝜋
න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗

గ

ିగ

=
1

𝜋
ቈන 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝑓(𝜗) sin 𝑛𝜗  𝑑𝜗
గ



 

=
1

𝜋
ቈන (−𝜋) sin 𝑛𝜗  𝑑𝜗



ିగ

+ න 𝜗 sin 𝑛𝜗  𝑑𝜗
గ



 

=
1

𝜋
ቈ(−𝜋) ൜−

cos 𝑛𝜗

𝑛
ൠ

ିగ



+ ൜𝜗 න sin 𝑛𝜗  𝑑𝜗 − න ൜
𝑑𝜗

𝑑𝜗
න sin 𝑛𝜗  𝑑𝜗ൠ 𝑑𝜗ൠ



గ

 

=
1

𝜋
ቈ𝜋 ൜

cos 0 − cos(−𝑛𝜋)

𝑛
ൠ + ൜−

𝜗 cos 𝑛𝜗

𝑛
− න ൜−

cos 𝑛𝜗

𝑛
ൠ 𝑑𝜗ൠ



గ

 

=
1

𝜋
ቈ𝜋 ൜

1 − cos 𝑛𝜋

𝑛
ൠ + ൜−

𝜗 cos 𝑛𝜗

𝑛
+

sin 𝑛𝜗

𝑛ଶ
ൠ



గ

 

=
1

𝜋
ቄ

𝜋 − 𝜋 cos 𝑛𝜋

𝑛
ቅ + ൜−

𝜋 cos 𝑛𝜋 − 0

𝑛
+

sin 𝑛𝜋 − sin 0

𝑛ଶ ൠ൨ 

=
1

𝜋
ቂ
𝜋 − 𝜋 cos 𝑛𝜋

𝑛
−

𝜋 cos 𝑛𝜋

𝑛
ቃ =

1

𝜋

𝜋 − 2𝜋 cos 𝑛𝜋

𝑛
൨ 

𝑏 =
1

𝑛
[1 − 2 cos 𝑛𝜋]     (5) 

Therefore equation (1) becomes 
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𝑓(𝑥) = 𝑎 +  𝑎 cos 𝑛𝑥 +

ஶ

ୀଵ

  𝑏 sin 𝑛𝑥

ஶ

ୀଵ

 

𝑓(𝑥) = −
𝜋

4
+ 

1

𝜋𝑛ଶ
[cos 𝑛𝜋 − 1] cos 𝑛𝑥 +

ஶ

ୀଵ

 
1

𝑛
[1 − 2 cos 𝑛𝜋] sin 𝑛𝑥

ஶ

ୀଵ

 

By expansion of summations, we have 

𝑓(𝑥) = −
𝜋

4
+

1

𝜋
ቈ
(cos 𝜋 − 1)

1ଶ
cos 𝑥 +

(cos 2𝜋 − 1)

2ଶ
cos 2𝑥 +

(cos 3𝜋 − 1)

3ଶ
cos 3𝑥 + ⋯ 

+ ቈ
(1 − 2 cos 𝜋)

1
sin 𝑥 +

(1 − 2 cos 2𝜋)

2
sin 2𝑥 +

(1 − 2 cos 3𝜋)

3
sin 3𝑥 + ⋯  

𝑓(𝑥) = −
𝜋

4
+

1

𝜋
−2 cos 𝑥 +

(−2) cos 3𝑥

3ଶ
+ ⋯ ൨ + 3 sin 𝑥 −

sin 2𝑥

2
+

sin 3𝑥

3
+ ⋯ ൨ 

𝑓(𝑥) = −
𝜋

4
−

2

𝜋
cos 𝑥 +

cos 3𝑥

3ଶ
+ ⋯ ൨ + 3 sin 𝑥 −

sin 2𝑥

2
+

sin 3𝑥

3
+ ⋯ ൨     (6) 

Which is the required series. 

One discontinuity occurs at 𝑥 = 0 

𝑓(0) =
1

2
[𝑓(−𝜋 + 0) + 𝑓(𝜋 − 0)] =

1

2
[−𝜋 + 0] = −

𝜋

2
      (7) 

By substituting 𝑥 = 0 in equation (6) 

𝑓(0) = −
𝜋

2
= −

𝜋

4
−

2

𝜋
cos 0 +

cos 0

3ଶ
+ ⋯ ൨ + 3 sin 0 −

sin 0

2
+

sin 0

3
+ ⋯ ൨ 

−
𝜋

2
= −

𝜋

4
−

2

𝜋
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

−
𝜋

2
+

𝜋

4
= −

2

𝜋
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

−
𝜋

4
= −

2

𝜋
1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

−
𝜋

4
ቀ−

𝜋

2
ቁ = 1 +

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

𝜋ଶ

8
= 1 +

1

3ଶ
+

1

5ଶ
+ ⋯ 

Which is required expression. 
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Physical Applications of Fourier series: 

(1) Fourier series involving phase angles: 

We have  

𝑓(𝑡) =
𝛼

2
+  𝛼 cos 𝑛𝜔𝑡

ஶ

ୀଵ

+  𝛽 sin 𝑛𝜔𝑡

ஶ

ୀଵ

      (1) 

Where 

 𝛼 =
2

𝜏
 න 𝑓(𝑡) cos 𝑛𝜔𝑡 𝑑𝑡

ఛ



, 𝛽 =
2

𝜏
 න 𝑓(𝑡) sin 𝑛𝜔𝑡  𝑑𝑡

ఛ



, 𝜏 =
2𝜋

𝜔
    (2) 

Let  

 𝛼 cos 𝑛𝜔𝑡 + 𝛽 sin 𝑛𝜔𝑡 = 𝛾 cos(𝑛𝜔𝑡 − ∅)     (3) 

Here ∅ being the phase angle. We know that cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

 𝛼 cos 𝑛𝜔𝑡 + 𝛽 sin 𝑛𝜔𝑡 = 𝛾 cos 𝑛𝜔𝑡 cos ∅ + 𝛾 sin 𝑛𝜔𝑡 sin ∅    (4) 

Equating coefficients of cos 𝑛𝜔𝑡 and sin 𝑛𝜔𝑡 on both sides of equation (4), we get 

 𝛼 = 𝛾 cos ∅      (5) 

𝛽 = 𝛾 sin ∅       (6) 

By squaring equations (5), (6) and adding the results, we get 

 𝛼
ଶ + 𝛽

ଶ = 𝛾
ଶ[cosଶ ∅ + sinଶ ∅] = 𝛾

ଶ[1] 

∴  𝛾
ଶ =  𝛼

ଶ + 𝛽
ଶ 

𝛾 = ට 𝛼
ଶ + 𝛽

ଶ      (7) 

By taking ratio of equation (6) to equation (5), we get 

𝛽

 𝛼
=

𝛾 sin ∅

𝛾 cos ∅
=

sin ∅

cos ∅
= tan ∅ 

∴   ∅ = tanିଵ ൬
𝛽

 𝛼
൰     (8) 

Therefore equation (1) now becomes, 

𝑓(𝑡) =
𝛼

2
+  𝛼 cos 𝑛𝜔𝑡

ஶ

ୀଵ

+  𝛽 sin 𝑛𝜔𝑡

ஶ

ୀଵ

=
𝛼

2
+ [𝛼 cos 𝑛𝜔𝑡 + 𝛽 sin 𝑛𝜔𝑡]

ஶ

ୀଵ
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𝑓(𝑡) =
𝛼

2
+  𝛾 cos(𝑛𝜔𝑡 − ∅)

ஶ

ୀଵ

     (9) 

Or 

𝑓(𝑡) =
𝛼

2
+  𝛾 sin ቀ𝑛𝜔𝑡 +

𝜋

2
− ∅ቁ

ஶ

ୀଵ

      (10) 

(2) Effective values and the average of a product: 

When dealing with the problems in electrical circuit theory and in the theory of mechanical 
vibrations, we require to find the root mean square of effective value of a periodic function. In 
terms of complex Fourier series expansion, a periodic function 𝑓(𝑡) is given by: 

𝑓(𝑡) =  𝑎𝑒ఠ௧

ஶ

ୀିஶ

     (1) 

Where   𝜏 =
ଶగ

ఠ
 

The rms or effective value of the function 𝑓 over a period 𝜏 is given by 

𝑓ா
ଶ =

1

𝜏
න 𝑓ଶ(𝑡)𝑑𝑡

ఛ



 

(We know that for complex function like 𝑧 = 𝑥 + 𝑖𝑦, 𝑧∗ = 𝑥 − 𝑖𝑦, 

𝑧ଶ = 𝑧 ∙ 𝑧∗ = (𝑥 + 𝑖𝑦) ∙ (𝑥 − 𝑖𝑦) = 𝑥ଶ + (−𝑖)ଶ𝑦ଶ = 𝑥ଶ + 𝑦ଶ, ∴  𝑧ଶ = 𝑥ଶ + 𝑦ଶ) 

𝑓ா
ଶ =

1

𝜏
න   𝑎𝑒ఠ௧

ஶ

ୀିஶ

∙  𝑎𝑒ఠ௧

ஶ

ୀିஶ

൩ 𝑑𝑡
ఛ



 

=
1

𝜏
න    𝑎 𝑎 𝑒(ା)ఠ௧

ஶ

ୀିஶ

ஶ

ୀିஶ

൩ 𝑑𝑡
ఛ



 

∴  𝑓ா
ଶ =

1

𝜏
  𝑎 𝑎 ቈන 𝑒(ା)ఠ௧𝑑𝑡

ఛ





ஶ

ୀିஶ

ஶ

ୀିஶ

      (2) 

Here we calculate the integral of equation (2) separately. If 𝑛 + 𝑚 ≠ 0 then 

න 𝑒(ା)ఠ௧𝑑𝑡
ఛ



= ቈ
𝑒(ା)ఠ௧

𝑖(𝑛 + 𝑚)𝜔




ఛ

= ቈ
𝑒(ା)ఠఛ − 𝑒

𝑖(𝑛 + 𝑚)𝜔
 = ቈ

𝑒(ା)ଶగ − 1

𝑖(𝑛 + 𝑚)𝜔
 

= 
cos(𝑛 + 𝑚)2𝜋 + sin(𝑛 + 𝑚)2𝜋 − 1

𝑖(𝑛 + 𝑚)𝜔
൨ = 

1 + 0 − 1

𝑖(𝑛 + 𝑚)𝜔
൨ = 0 
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න 𝑒(ା)ఠ௧𝑑𝑡
ఛ



= 0 𝑓𝑜𝑟 𝑛 + 𝑚 ≠ 0     (3) 

For 𝑛 + 𝑚 = 0, we have 

න 𝑒(ା)ఠ௧𝑑𝑡
ఛ



= න 𝑒𝑑𝑡
ఛ



= න 𝑑𝑡
ఛ



= [𝑡]
ఛ = 𝜏     (4) 

∴  න 𝑒(ା)ఠ௧𝑑𝑡
ఛ



 
= 0 𝑓𝑜𝑟 𝑚 + 𝑛 ≠ 0

= 𝜏 𝑓𝑜𝑟 𝑚 + 𝑛 = 0
         (5) 

All the integrals in equation (2) vanish except for 𝑛 + 𝑚 = 0 or 𝑚 = −𝑛. Therefore equation (2) 
becomes 

∴  𝑓ா
ଶ =

1

𝜏
  𝑎 𝑎 ቈන 𝑒(ା)ఠ௧𝑑𝑡

ఛ





ஶ

ୀିஶ

ஶ

ୀିஶ

 

∴  𝑓ா
ଶ =

1

𝜏
 ቈ+ ⋯ + 𝑎 𝑎ି ቊන 𝑒(ି)ఠ௧𝑑𝑡

ఛ



ቋ + ⋯ + 𝑎 𝑎ିଵ ቊන 𝑒(ିଵ)ఠ௧𝑑𝑡
ఛ



ቋ

ஶ

ୀିஶ

+ 𝑎 𝑎 ቊන 𝑒(ା)ఠ௧𝑑𝑡
ఛ



ቋ + 𝑎 𝑎ଵ ቊන 𝑒(ାଵ)ఠ௧𝑑𝑡
ఛ



ቋ + ⋯  

𝑓ா
ଶ =

1

𝜏
 𝑎 𝑎ି𝜏

ஶ

ୀିஶ

 

∴ 𝑓ா
ଶ =  𝑎 𝑎ି

ஶ

ୀିஶ

     (6) 

By expanding the summation 

𝑓ா
ଶ =  𝑎 𝑎ି

ିଵ

ୀିஶ

+ 𝑎
ଶ  +  𝑎 𝑎ି

ஶ

ୀଵ

 

𝑓ா
ଶ = 𝑎

ଶ  + 2 |𝑎|ଶ

ஶ

ୀଵ

     (7) 

To find the average value of a product of two periodic functions with the same period 𝜏 = 2𝜋/𝜔, 
let us assume two functions 𝑓ଵ and 𝑓ଶ given by 

𝑓ଵ =  𝑎𝑒ఠ௧

ஶ

ୀିஶ

     (8) 

𝑓ଶ =  𝑏𝑒ఠ௧

ஶ

ୀିஶ

     (9) 
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Then average of the product is given by 

𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 =
1

𝜏
න 𝑓ଵ(𝑡) 𝑓ଶ(𝑡) 𝑑𝑡

ఛ



 

=
1

𝜏
න   𝑎𝑒ఠ௧

ஶ

ୀିஶ

 𝑏𝑒ఠ௧

ஶ

ୀିஶ

൩  𝑑𝑡
ఛ



 

=
1

𝜏
න   𝑎 𝑏 𝑒(ା)ఠ௧

ஶ

ୀିஶ

൩  𝑑𝑡
ఛ



 

=
1

𝜏
 𝑎 𝑏 

ஶ

ୀିஶ

න 𝑒(ା)ఠ௧ 𝑑𝑡
ఛ



 

=
1

𝜏
 𝑎 𝑏ି 

ஶ

ୀିஶ

     (10) 

(3) Transverse vibrations of a string: 

Consider the transverse vibrations of a stretched string at the ends. Suppose that the string is 
initially distorted into some given curve and then allowed to swing. Let the length of the string 
be 𝑙 and the equation of the curve be 𝑦 = 𝑓(𝑥) with respect to the position of equilibrium of the 
string as 𝑋 − 𝑎𝑥𝑖𝑠 and the one of the ends as origin. The vibrations are given by 

𝜕ଶ𝑦

𝜕𝑡ଶ
= 𝑎ଶ

𝜕ଶ𝑦

𝜕𝑥ଶ
      (1) 

The boundary conditions are: 

𝑦 = 0 𝑎𝑡 𝑥 = 0               (2) 

𝑦 = 0 𝑎𝑡 𝑥 = 𝑙                 (3) 

𝑦 = 𝑓(𝑥) 𝑤ℎ𝑒𝑛 𝑡 = 0    (4) 

𝜕𝑦

𝜕𝑡
= 0 𝑤ℎ𝑒𝑛 𝑡 = 0         (5) 

 Let   

𝑦 = 𝐴𝑒ఈ௫ାఉ௧       (6) 

be the solution of equation (1). 

Its first and second derivative with respect to 𝑥 and 𝑡 are: 

𝜕𝑦

𝜕𝑥
= 𝛼ൣ𝐴𝑒ఈ௫ାఉ ൧ = 𝛼𝑦,

𝜕ଶ𝑦

𝜕𝑥ଶ
= 𝛼ଶ𝑦,

𝜕𝑦

𝜕𝑡
= 𝛽𝑦,

𝜕ଶ𝑦

𝜕𝑡ଶ
= 𝛽ଶ𝑦    (7) 
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Substituting these values in equation (1), we get  

𝜕ଶ𝑦

𝜕𝑡ଶ
= 𝑎ଶ

𝜕ଶ𝑦

𝜕𝑥ଶ
, 𝛽ଶ𝑦 = 𝛼ଶ𝑎ଶ𝑦, ∴ 𝛽ଶ = 𝛼ଶ𝑎ଶ 

𝛽 = ±𝛼𝑎      (8) 

Equation (6) becomes  

𝑦 = 𝐴𝑒ఈ௫ାఉ = 𝐴𝑒ఈ௫±ఈ௧       (9) 

Equation (9) is the solution of equation (1). 

Now substitute 𝛼 = 𝛼𝑖 and 𝛼 = −𝛼𝑖 in equation (9), we get 

𝑦 = 𝐴𝑒(௫±௧)ఈ        (10) 

𝑦 = 𝐴𝑒ି(௫±௧)ఈ        (11) 

By adding equation (10) and (11), we get 

2𝑦 = 𝐴𝑒(௫±௧)ఈ + 𝐴𝑒ି(௫±௧)ఈ = 𝐴ൣ𝑒(௫±௧)ఈ + 𝑒ି(௫±௧)ఈ൧ 

𝑦 = 𝐴 ቈ
𝑒(௫±௧)ఈ + 𝑒ି(௫±௧)ఈ

2
 = 𝐴 cos 𝛼(𝑥 ± 𝑎𝑡)       (12) 

This may be also expressed as 

𝑦 = 𝐵 sin 𝛼(𝑥 ± 𝑎𝑡)        (13) 

From equation (12), we can write as 

𝑦 = 𝐴 cos 𝛼(𝑥 + 𝑎𝑡) = 𝐴[cos 𝛼𝑥 cos 𝛼𝑎𝑡 − sin 𝛼𝑥 sin 𝛼𝑎𝑡]       (14) 

𝑦 = 𝐴 cos 𝛼(𝑥 − 𝑎𝑡) = 𝐴[cos 𝛼𝑥 cos 𝛼𝑎𝑡 + sin 𝛼𝑥 sin 𝛼𝑎𝑡]       (15) 

Successive solutions of these two will be  

𝑦 = 𝐴 cos 𝛼𝑥 cos 𝛼𝑎𝑡       (16) 

𝑦 = 𝐴 sin 𝛼𝑥 sin 𝛼𝑎𝑡        (17) 

Similarly, from equation (13), we get 

𝑦 = 𝐵 sin 𝛼𝑥 cos 𝛼𝑎𝑡      (18) 

𝑦 = 𝐵 cos 𝛼𝑥 sin 𝛼𝑎𝑡       (19) 

Out of these four values of 𝑦, if we take value of 𝑦 as in equation (18), we get 

𝑦 = 𝐵 sin 𝛼𝑥 cos 𝛼𝑎𝑡       (18) 
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Which satisfied boundary condition shown in equation (2) and (4), and also satisfy condition 

shown in equation (3) by putting 𝛼 =
గ


, equation (18) now becomes 

𝑦 =  𝑏 sin
𝑛𝜋𝑥

𝑙
cos

𝑛𝜋𝑎𝑡

𝑙

ஶ

ୀଵ

      (20) 

By expanding the summation, 

𝑦 = 𝑏ଵ sin
𝜋𝑥

𝑙
cos

𝜋𝑎𝑡

𝑙
+ 𝑏ଶ sin

2𝜋𝑥

𝑙
cos

2𝜋𝑎𝑡

𝑙
+ 𝑏ଷ sin

3𝜋𝑥

𝑙
cos

3𝜋𝑎𝑡

𝑙
+ ⋯        (21) 

This relation satisfied condition (2), (3) and (5). This may also satisfy condition (4) if we put    
𝑡 = 0, we get 

𝑦 = 𝑏ଵ sin
𝜋𝑥

𝑙
+ 𝑏ଶ sin

2𝜋𝑥

𝑙
+ 𝑏ଷ sin

3𝜋𝑥

𝑙
+ ⋯        (22) 

Now consider the Fourier series defined by (same as equation (22)) 

𝑓(𝑥) = 𝑏ଵ sin
𝜋𝑥

𝑙
+ 𝑏ଶ sin

2𝜋𝑥

𝑙
+ 𝑏ଷ sin

3𝜋𝑥

𝑙
+ ⋯        (23) 

Then, (multiply both sides of equation (22) with sin
గ௫


 and integrating from 𝑥 = 0 to 𝑥 = 𝑙.) 

𝑏 =
2

𝑙
 න 𝑓(𝑥) sin

𝑛𝜋𝑥

𝑙
 𝑑𝑥





     (24) 

𝑏 =
2

𝑙
 න 𝑓(𝜗) sin

𝑛𝜋𝜗

𝑙
 𝑑𝜗





     (25) 

(By replacing 𝑥 with 𝜗) 

Substitute this value of 𝑏 in equation (20), we get 

𝑦 =  𝑏 sin
𝑛𝜋𝑥

𝑙
cos

𝑛𝜋𝑎𝑡

𝑙

ஶ

ୀଵ

=  ቈ
2

𝑙
 න 𝑓(𝜗) sin

𝑛𝜋𝜗

𝑙
 𝑑𝜗





 sin
𝑛𝜋𝑥

𝑙
cos

𝑛𝜋𝑎𝑡

𝑙

ஶ

ୀଵ

 

By rearranging the terms, we get 

 

𝑦 =
2

𝑙
 sin

𝑛𝜋𝑥

𝑙
cos

𝑛𝜋𝑎𝑡

𝑙
 න 𝑓(𝜗) sin

𝑛𝜋𝜗

𝑙
 𝑑𝜗





ஶ

ୀଵ

      (26) 

This is a required expression. 
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Diffusion equation or Fourier equation of heat flow: 

Assuming that the temperature at any point (𝑥, 𝑦, 𝑧) of a solid at time 𝑡 is 𝑢(𝑥, 𝑦, 𝑧, 𝑡), the thermal 
conductivity of the solid is 𝐾, the density of the solid is 𝜌, specific heat is 𝜎, the heat equation is  

𝜕𝑢

𝜕𝑡
= ℎଶ ∇ଶ𝑢     (1) 

Equation (1) is called the diffusion equation or Fourier equation of heat flow. Here  

ℎଶ =
𝐾

𝜌𝜎
= 𝑘     (2) 

is known as diffusivity. We know that heat flows from points at higher temperature to the points 
at lower temperature and the rate of decrease of temperature at any point varies with the 
direction. In other words, the amount of heat says ∆𝐻 crossing an element of surface ∆𝑆 in ∆𝑡 
seconds is proportional to the greatest rate of decrease of the temperature 𝑢, i.e. 

∆𝐻 = 𝐾 ∆𝑆 ∆𝑡 ฬ
𝜕𝑢

𝜕𝑡
ฬ       (3) 

If �⃗�  be the velocity of heat flow given by  

�⃗� = −𝐾 𝑔𝑟𝑎𝑑 𝑢 = −𝐾 ∇ሬሬ⃗ 𝑢     (4) 

Here 𝑢(𝑥, 𝑦, 𝑧, 𝑡) is the temperature of the solid at (𝑥, 𝑦, 𝑧) at an instant of time ‘𝑡’ and ‘𝐾’ the 

thermal conductivity of the solid and its unit is 

∙௦∙°
 . 

Let 𝑆 be the surface of an arbitrary volume 𝑉 of the solid. Then the total flux of heat flow across 
𝑆 per unit time is given by  

𝐻 = ඵ �⃗� ∙ 𝑑𝑠ሬሬሬሬ⃗

ௌ

 

𝐻 = ඵ൫−𝐾 ∇ሬሬ⃗ 𝑢 ൯ ∙ 𝑛ො 𝑑𝑠

ௌ

       (5) 

Here 𝑛ො is the vector normal to the element 𝑑𝑠. 

We have Gauss’s divergence theorem for any vector 𝐀 

ම(𝛁 ⋅ 𝐀) 𝑑𝑉



= ඵ 𝐀 ∙ 𝐧ො 𝑑S

ௌ

=  𝐀 ∙ 𝑑𝐒

ௌ

 

Now applying Gauss’s divergence theorem according to which if 𝑉 be the volume bounded by a 
closed surface 𝑆. We have the quantity of heat entering 𝑆 per unit time as 

ඵ൫𝐾 ∇ሬሬ⃗ 𝑢 ൯ ∙ 𝑛ො 𝑑𝑠

ௌ

= ම ∇ሬሬ⃗ ∙ ൫𝐾 ∇ሬሬ⃗ 𝑢 ൯𝑑𝑉



      (6) 
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Taking volume element 𝑑𝑉 = 𝑑𝑥 𝑑𝑣 𝑑𝑧,  

the heat contained in volume 𝑉 = ම 𝜎𝜌𝑢 𝑑𝑉



      (7) 

The time rate of increase of heat is given by 

𝜕

𝜕𝑡
ම 𝜎𝜌𝑢 𝑑𝑉



= ම 𝜎𝜌
𝜕𝑢

𝜕𝑡
𝑑𝑉



      (8) 

Equating R.H.S. of equation (6) and (8), we find 

ම 𝜎𝜌
𝜕𝑢

𝜕𝑡
𝑑𝑉



= ම ∇ሬሬ⃗ ∙ ൫𝐾 ∇ሬሬ⃗ 𝑢 ൯𝑑𝑉



 

ම 𝜎𝜌
𝜕𝑢

𝜕𝑡
− ∇ሬሬ⃗ ∙ ൫𝐾 ∇ሬሬ⃗ 𝑢 ൯൨ 𝑑𝑉



= 0      (9) 

But 𝑉 being arbitrary hence 𝑑𝑉 ≠ 0 

∴  𝜎𝜌
𝜕𝑢

𝜕𝑡
− ∇ሬሬ⃗ ∙ ൫𝐾 ∇ሬሬ⃗ 𝑢 ൯ = 0 

∴  𝜎𝜌
𝜕𝑢

𝜕𝑡
= ∇ሬሬ⃗ ∙ ൫𝐾 ∇ሬሬ⃗ 𝑢 ൯ 

∴  
𝜕𝑢

𝜕𝑡
=

𝐾

𝜎𝜌
 ∇ሬሬ⃗ ∙ ൫ ∇ሬሬ⃗ 𝑢 ൯ =

𝐾

𝜎𝜌
∇ଶ𝑢 = ℎଶ∇ଶ𝑢 = 𝑘∇ଶ𝑢     (10) 

Where ℎଶ = 𝑘 =


ఙఘ
 

Equation (10) is also written as 

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ
+

𝜕ଶ𝑢

𝜕𝑧ଶ
=

1

𝑘

𝜕𝑢

𝜕𝑡
=

1

ℎଶ

𝜕𝑢

𝜕𝑡
      (11) 

This is three-dimensional diffusion equation. 

One dimensional diffusion equation: 

Prove that  డ௨

డ௧
= ℎଶ డమ௨

డ௫మ = 𝑘
డమ௨

డ௫మ . 

Consider one dimensional flow of electricity in a long-insulated cable and specify the current 𝑖 
and voltage 𝐸 at any point in the cable by 𝑥 −coordinate and time variable 𝑡. 

The potential drop 𝐸 in a line element 𝛿𝑥 of length at any point 𝑥 is given by 

−𝛿𝐸 = 𝑖𝑅𝛿𝑥 + 𝐿𝛿𝑥
𝜕𝑖

𝜕𝑡
       (1) 
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Where 𝑅 and 𝐿 are respectively resistance and inductance per unit length. 

If 𝐶 and 𝐺 be respectively capacitance and conductance per unit length, then we have 

−𝛿𝑖 = 𝐺𝐸𝛿𝑥 + 𝐶𝛿𝑥
𝜕𝐸

𝜕𝑡
       (2) 

Divide equation (1) and (2) with 𝛿𝑥 and by rearranging the terms, we have  

−
𝛿𝐸

𝛿𝑥
= −

𝜕𝐸

𝜕𝑥
= 𝑖𝑅 + 𝐿

𝜕𝑖

𝜕𝑡
 

𝜕𝐸

𝜕𝑥
+ 𝑅𝑖 + 𝐿

𝜕𝑖

𝜕𝑡
= 0      (3) 

−
𝛿𝑖

𝛿𝑥
= −

𝜕𝑖

𝜕𝑥
= 𝐺𝐸 + 𝐶

𝜕𝐸

𝜕𝑡
 

𝜕𝑖

𝜕𝑥
+ 𝐺𝐸 + 𝐶

𝜕𝐸

𝜕𝑡
= 0    (4) 

Now differentiate equation (3) with respect to 𝑥 and (4) with respect to 𝑡, we have 

𝜕ଶ𝐸

𝜕𝑥ଶ
+ 𝑅

𝜕𝑖

𝜕𝑥
+ 𝐿

𝜕ଶ𝑖

𝜕𝑥𝜕𝑡
= 0     (5) 

𝜕ଶ𝑖

𝜕𝑥𝜕𝑡
+ 𝐺

𝜕𝐸

𝜕𝑡
+ 𝐶

𝜕ଶ𝐸

𝜕𝑡ଶ
= 0      (6) 

Or  
𝜕ଶ𝑖

𝜕𝑥𝜕𝑡
= −𝐺

𝜕𝐸

𝜕𝑡
− 𝐶

𝜕ଶ𝐸

𝜕𝑡ଶ
     (7) 

Substitute value of డమ

డ௫డ௧
 from equation (7) into equation (5), we have 

𝜕ଶ𝐸

𝜕𝑥ଶ
+ 𝑅

𝜕𝑖

𝜕𝑥
+ 𝐿 ቈ−𝐺

𝜕𝐸

𝜕𝑡
− 𝐶

𝜕ଶ𝐸

𝜕𝑡ଶ
  = 0   

𝜕ଶ𝐸

𝜕𝑥ଶ
+ 𝑅

𝜕𝑖

𝜕𝑥
− 𝐺𝐿

𝜕𝐸

𝜕𝑡
− 𝐶𝐿

𝜕ଶ𝐸

𝜕𝑡ଶ
= 0   

𝜕ଶ𝐸

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝐸

𝜕𝑡ଶ
+ 𝐺𝐿

𝜕𝐸

𝜕𝑡
− 𝑅

𝜕𝑖

𝜕𝑥
       (8) 

But from equation (4),  

𝜕𝑖

𝜕𝑥
= −𝐺𝐸 − 𝐶

𝜕𝐸

𝜕𝑡
 

Therefore equation (8) becomes 



 US05CPHY22 Unit 3 Fourier Series, Diffusion Equation and Wave Equation  

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 44 

𝜕ଶ𝐸

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝐸

𝜕𝑡ଶ
+ 𝐺𝐿

𝜕𝐸

𝜕𝑡
− 𝑅 −𝐺𝐸 − 𝐶

𝜕𝐸

𝜕𝑡
൨ 

𝜕ଶ𝐸

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝐸

𝜕𝑡ଶ
+ 𝐺𝐿

𝜕𝐸

𝜕𝑡
+ 𝑅𝐺𝐸 + 𝑅𝐶

𝜕𝐸

𝜕𝑡
 

By rearranging the terms 

𝜕ଶ𝐸

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝐸

𝜕𝑡ଶ
+ (𝐶𝑅 + 𝐺𝐿)

𝜕𝐸

𝜕𝑡
+ 𝑅𝐺𝐸     (9) 

Now differentiate equation (3) with respect to 𝑡 and (4) with respect to 𝑥, we have 

𝜕ଶ𝐸

𝜕𝑥𝜕𝑡
+ 𝑅

𝜕𝑖

𝜕𝑡
+ 𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
= 0      (10) 

Or  

𝜕ଶ𝐸

𝜕𝑥𝜕𝑡
= −𝑅

𝜕𝑖

𝜕𝑡
− 𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
     (11) 

𝜕ଶ𝑖

𝜕𝑥ଶ
+ 𝐺

𝜕𝐸

𝜕𝑥
+ 𝐶

𝜕ଶ𝐸

𝜕𝑥𝜕𝑡
= 0     (12) 

Substitute value of 
డమா

డ௫డ௧
 from equation (11) into equation (12), we have 

𝜕ଶ𝑖

𝜕𝑥ଶ
+ 𝐺

𝜕𝐸

𝜕𝑥
+ 𝐶 ቈ−𝑅

𝜕𝑖

𝜕𝑡
− 𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ = 0 

𝜕ଶ𝑖

𝜕𝑥ଶ
+ 𝐺

𝜕𝐸

𝜕𝑥
− 𝐶𝑅

𝜕𝑖

𝜕𝑡
− 𝐶𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
= 0 

𝜕ଶ𝑖

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
+ 𝐶𝑅

𝜕𝑖

𝜕𝑡
− 𝐺

𝜕𝐸

𝜕𝑥
     (13) 

But from equation (3),  

𝜕𝐸

𝜕𝑥
= −𝑅𝑖 − 𝐿

𝜕𝑖

𝜕𝑡
 

Therefore equation (13) becomes 

𝜕ଶ𝑖

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
+ 𝐶𝑅

𝜕𝑖

𝜕𝑡
− 𝐺 −𝑅𝑖 − 𝐿

𝜕𝑖

𝜕𝑡
൨ 

𝜕ଶ𝑖

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
+ 𝐶𝑅

𝜕𝑖

𝜕𝑡
+ 𝐺𝑅𝑖 + 𝐺𝐿

𝜕𝑖

𝜕𝑡
 

By rearranging the terms 

𝜕ଶ𝑖

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
+ (𝐶𝑅 + 𝐺𝐿)

𝜕𝑖

𝜕𝑡
+ 𝐺𝑅𝑖     (14) 
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By rewriting equation (9) and (14),  

𝜕ଶ𝐸

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝐸

𝜕𝑡ଶ
+ (𝐶𝑅 + 𝐺𝐿)

𝜕𝐸

𝜕𝑡
+ 𝑅𝐺𝐸     (9) 

𝜕ଶ𝑖

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝑖

𝜕𝑡ଶ
+ (𝐶𝑅 + 𝐺𝐿)

𝜕𝑖

𝜕𝑡
+ 𝐺𝑅𝑖     (14) 

Equation (9) and (14) follows that 𝐸 and 𝑖 satisfy a second order partial differential equation. 

𝜕ଶ𝑢

𝜕𝑥ଶ
= 𝐶𝐿

𝜕ଶ𝑢

𝜕𝑡ଶ
+ (𝐶𝑅 + 𝐺𝐿)

𝜕𝑢

𝜕𝑡
+ 𝐺𝑅𝑢     (15) 

Which is known as telegraphy equation. 

If the leakage to the ground is small then 𝐺 = 𝐿 = 0 and hence equation (15) reduces 

𝜕ଶ𝑢

𝜕𝑥ଶ
= 𝐶𝑅

𝜕𝑢

𝜕𝑡
=

1

𝑘

𝜕𝑢

𝜕𝑡
      (16) 

Here 𝑘 =
ଵ

ோ
. 

Equation (16) is called one dimensional diffusion equation. 

 

Both the ends of a bar at temperature zero: 

If both the ends of a bar of length 𝑙 are at temperature zero and the initial temperature is to be 
prescribed function 𝐹(𝑥) in the bar, then find the temperature at a subsequent time 𝑡. 

Proof: One dimensional heat equation is  

𝜕𝑢

𝜕𝑡
= ℎଶ

𝜕ଶ𝑢

𝜕𝑥ଶ
       (1) 

We have to find a function 𝑢(𝑥, 𝑡) satisfying equation (1) with the boundary conditions for 𝑡 ≫ 0 

𝑢(𝑥, 𝑡) = 𝑢(0, 𝑡) = 0  𝑎𝑡 𝑥 = 0        (2) 

𝑢(𝑥, 𝑡) = 𝑢(𝑙, 𝑡) = 0  𝑎𝑡 𝑥 = 𝑙         (3) 

Here ‘𝑙’ being the length of bar, for 0 < 𝑥 < 𝑙   

𝑢(𝑥, 𝑡) = 𝑢(𝑥, 0) = 𝐹(𝑥)  𝑎𝑡 𝑡 = 0    (4) 

In order to apply the method of separation of variables, let us assume that 

𝑢(𝑥, 𝑡) = 𝑋(𝑥) 𝑇(𝑡)      (5) 

𝑋 and 𝑇 being the function of 𝑥 and 𝑡 alone, so that 
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𝜕𝑢

𝜕𝑡
= 𝑋

𝑑𝑇

𝑑𝑡
,

𝜕ଶ𝑢

𝜕𝑥ଶ
= 𝑇 

𝑑ଶ𝑋

𝑑𝑥ଶ
      (6) 

Their substitution in equation (1) gives 

1

𝑋

𝑑ଶ𝑋

𝑑𝑥ଶ
=

1

ℎଶ𝑇

𝑑𝑇

𝑑𝑡
      (7) 

The L.H.S. of equation (7) is space dependant and R. H. S. of equation (7) is time dependent, hence 
both sides are constant equal to some constant −𝜆ଶ (say). Therefore equation (7) becomes 

1

𝑋

𝑑ଶ𝑋

𝑑𝑥ଶ
=

1

ℎଶ𝑇

𝑑𝑇

𝑑𝑡
= −𝜆ଶ     (8) 

By comparing L.H.S. of equation (8) with −𝜆ଶ, we have 

1

𝑋

𝑑ଶ𝑋

𝑑𝑥ଶ
= −𝜆ଶ 

∴  
𝑑ଶ𝑋

𝑑𝑥ଶ
+ 𝜆ଶ𝑋 = 0       (9) 

And the general solution of equation (9) is given as 

𝑋 = 𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥       (10) 

By comparing R.H.S. of equation (8) with −𝜆ଶ, we have 

1

ℎଶ𝑇

𝑑𝑇

𝑑𝑡
= −𝜆ଶ 

∴  
𝑑𝑇

𝑑𝑡
+ 𝜆ଶℎଶ𝑇 = 0     (11) 

The general solution of equation (11) is given as 

𝑇 = 𝐶 𝑒ିఒమమ௧     (12) 

By using boundary condition of equation (2):  𝑢(𝑥, 𝑡) = 𝑢(0, 𝑡) = 0  𝑎𝑡 𝑥 = 0 

As 𝑢 = 0,    𝑋𝑇 = 0,   ∴ 𝑋 = 0, therefore equation (10) becomes 

𝑋 = 𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥  ⇒ 0 = 𝐴 cos 0 + 𝐵 sin 0 ⇒ 𝐴 = 0 

𝑨 = 𝟎     (13) 

Therefore equation (10) now becomes  

𝑋 = 𝐵 sin 𝜆𝑥       (14) 

By using boundary condition of equation (3): 𝑎𝑡 𝑥 = 𝑙   𝑢(𝑥, 𝑡) = 𝑢(𝑙, 𝑡) = 0, 𝑡 ≫ 0 

Equation (14) becomes, 
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𝑋 = 𝐵 sin 𝜆𝑥   ⇒ 0 = 𝐵 sin 𝜆𝑙 

But 𝐵 ≠ 0  ∴  sin 𝜆𝑙 = 0 ∴ 𝜆𝑙 = 𝑛𝜋 

∴ 𝜆 =
𝑛𝜋

𝑙
, 𝑛 = 0, 1, 2, …   (15) 

Therefore, solution of equation (1), 𝑢 = 𝑋 𝑇 takes form as: 

𝑢 = 𝑋 𝑇 = 𝐵 sin
𝑛𝜋𝑥

𝑙
𝐶 𝑒

ି
మగమమ௧

మ  

And by including 𝐶 into 𝐵,  

𝑢 = 𝐵 sin
𝑛𝜋𝑥

𝑙
 𝑒

ି
మగమమ௧

మ       (16) 

Summing over all values of 𝑛, equation (16) becomes 

𝑢(𝑥, 𝑡) =  𝐵 sin
𝑛𝜋𝑥

𝑙
 𝑒

ି
మగమమ௧

మ

ஶ

ୀଵ

      (17) 

Applying condition of equation (4), 𝑎𝑡 𝑡 = 0, 𝑢(𝑥, 𝑡) = 𝑢(𝑥, 0) = 𝐹(𝑥), 0 < 𝑥 < 𝑙 

We have 

𝐹(𝑥) =  𝐵 sin
𝑛𝜋𝑥

𝑙
 

ஶ

ୀଵ

𝑓𝑜𝑟 0 < 𝑥 < 𝑙       (18) 

To find out 𝐵, multiply both sides of equation (18) with sin
గ௫


 and integrating the result from 

𝑥 = 0 𝑡𝑜 𝑥 = 𝑙, we have 

𝐵 =
2

𝑙
න 𝐹(𝑥) sin

𝑛𝜋𝑥

𝑙
 𝑑𝑥





=
2

𝑙
න 𝐹(𝑢) sin

𝑛𝜋𝑢

𝑙
 𝑑𝑢





      (19) 

Hence the required solution by substituting value of equation (19) in equation (17) is  

𝑢(𝑥, 𝑡) =  
2

𝑙
න 𝐹(𝑢) sin

𝑛𝜋𝑢

𝑙
 𝑑𝑢





 sin
𝑛𝜋𝑥

𝑙
 𝑒

ି
మగమమ௧

మ

ஶ

ୀଵ

 

By rearranging the terms, 

∴  𝑢(𝑥, 𝑡) =
2

𝑙
 𝑒

ି
మగమమ௧

మ sin
𝑛𝜋𝑥

𝑙
 න 𝐹(𝑢) sin

𝑛𝜋𝑢

𝑙
 𝑑𝑢





ஶ

ୀଵ

      (20) 

Which is the required solution. 
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Two-dimensional diffusion equation: 

Consider a thin rectangular plate whose surface is impervious (i.e. not permitting penetration or 
passage) to heat flow and which has an arbitrary function of temperature 𝐹(𝑥, 𝑦) 𝑎𝑡 𝑡 = 0, its 
four edges 𝑥 = 0, 𝑥 = 𝑎, 𝑦 = 0, 𝑦 = 𝑏 are kept at zero temperature. We have to determine the 
subsequent temperature at a point of the plate as 𝑡 increases. 

Two-dimensional heat equation is written as: 

𝜕𝑢

𝜕𝑡
= ℎଶ ቈ

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ       (𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡)     (1) 

The boundary conditions are: 

𝑎𝑡 𝑥 = 0   𝑢(𝑥, 𝑦, 𝑡) = 𝑢(0, 𝑦, 𝑡) = 0       (2) 

𝑎𝑡 𝑥 = 𝑎   𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑎, 𝑦, 𝑡) = 0       (3) 

𝑎𝑡 𝑦 = 0   𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 0, 𝑡) = 0       (4) 

𝑎𝑡 𝑦 = 𝑏   𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑏, 𝑡) = 0       (5) 

𝑎𝑡 𝑡 = 0, 𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 0) = 𝐹(𝑥, 𝑦)     (6) 

In order to apply the method of separation of variables, let us assume that 

𝑢(𝑥, 𝑦, 𝑡) = 𝑋(𝑥) 𝑌(𝑦) 𝑇(𝑡)      (7) 

Here 𝑋 is a function of 𝑥 alone, 𝑌 is a function of 𝑦 alone and 𝑇 is a function of 𝑡 alone, so that 

𝜕𝑢

𝜕𝑡
= 𝑋𝑌

𝑑𝑇

𝑑𝑡
,

𝜕ଶ𝑢

𝜕𝑥ଶ
= 𝑌𝑇 

𝑑ଶ𝑋

𝑑𝑥ଶ
,

𝜕ଶ𝑢

𝜕𝑦ଶ
= 𝑋𝑇 

𝑑ଶ𝑌

𝑑𝑦ଶ
     (8) 

Substituting values of equation (8) in equation (1), we have 

𝜕𝑢

𝜕𝑡
= ℎଶ ቈ

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ ⇒ 𝑋𝑌
𝑑𝑇

𝑑𝑡
=  ℎଶ ቈ𝑌𝑇 

𝑑ଶ𝑋

𝑑𝑥ଶ
+ 𝑋𝑇 

𝑑ଶ𝑌

𝑑𝑦ଶ 

Now divide both sides of above equation with ℎଶ𝑋𝑌𝑇 

1

ℎଶ𝑇

𝑑𝑇

𝑑𝑡
=  

1

𝑋
 
𝑑ଶ𝑋

𝑑𝑥ଶ
+

1

𝑌
 
𝑑ଶ𝑌

𝑑𝑦ଶ
     (9) 

In equation (9), L.H.S. is time dependent only and R.H.S. is space dependent only. Their equality 
suggests that both sides equal to some constant = −𝜆ଶ (say). We can assume  

1

𝑋
 
𝑑ଶ𝑋

𝑑𝑥ଶ
= −𝜆ଵ

ଶ,
1

𝑌
 
𝑑ଶ𝑌

𝑑𝑦ଶ
= −𝜆ଶ

ଶ,
1

ℎଶ𝑇

𝑑𝑇

𝑑𝑡
= −𝜆ଶ    (10) 

So that  

𝜆ଶ = 𝜆ଵ
ଶ + 𝜆ଶ

ଶ      (11) 
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The general solution of equation (10) are 

𝑋 = 𝐴 cos 𝜆ଵ𝑥 + 𝐵 sin 𝜆ଵ𝑥      (12) 

𝑌 = 𝐶 cos 𝜆ଶ𝑦 + 𝐷 sin 𝜆ଶ𝑦     (13) 

𝑇 = 𝐸 𝑒ିఒమమ௧     (14) 

Therefore, solution of equation (1) i.e. equation (7) becomes  

𝑢(𝑥, 𝑦, 𝑡) = 𝑋𝑌𝑇 = (𝐴 cos 𝜆ଵ𝑥 + 𝐵 sin 𝜆ଵ𝑥)(𝐶 cos 𝜆ଶ𝑦 + 𝐷 sin 𝜆ଶ𝑦)𝐸 𝑒ିఒమమ௧     (15) 

By using boundary condition of equation (2): 𝑎𝑡 𝑥 = 0   𝑢(𝑥, 𝑦, 𝑡) = 𝑢(0, 𝑦, 𝑡) = 0 

As 𝑢 = 0,    𝑋𝑌𝑇 = 0,   ∴ 𝑋 = 0, therefore equation (12) becomes 

0 = (𝐴 cos 0 + 𝐵 sin 0) 

∴  𝑨 = 𝟎     (16) 

Therefore equation (12) now becomes  

𝑋 = 𝐵 sin 𝜆ଵ𝑥       (17) 

By using boundary condition of equation (3): 𝑎𝑡 𝑥 = 𝑎   𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑎, 𝑦, 𝑡) = 0 

Equation (17) becomes, 

𝑋 = 𝐵 sin 𝜆ଵ𝑥   ⇒ 0 = 𝐵 sin 𝜆ଵ𝑎 

But 𝐵 ≠ 0  ∴  sin 𝜆ଵ𝑎 = 0 ∴ 𝜆ଵ𝑎 = 𝑚𝜋 

∴ 𝜆ଵ =
𝑚𝜋

𝑎
, 𝑚 = 0, 1, 2, …   (18) 

Similarly, by using boundary conditions of equation (4) and (5) we obtain 

𝐶 = 0      (19) 

𝜆ଶ =
𝑛𝜋

𝑏
, 𝑛 = 0, 1, 2, …   (20) 

Therefore, equation (15) becomes 

𝑢(𝑥, 𝑦, 𝑡) = 𝑋𝑌𝑇 = (𝐵 sin 𝜆ଵ𝑥)(𝐷 sin 𝜆ଶ𝑦)𝐸 𝑒ିఒమమ௧ 

As 𝐵, 𝐷, 𝐸 are constants, by merging 𝐷 & 𝐸 into 𝐵, above equation becomes 

𝑢(𝑥, 𝑦, 𝑡) = 𝐵 sin
𝑚𝜋𝑥

𝑎
 sin

𝑛𝜋𝑦

𝑏
 𝑒ିఒమమ௧       (21) 

From equation (11), 𝜆ଶ = 𝜆ଵ
ଶ + 𝜆ଶ

ଶ =
మగమ

మ
+

మగమ

మ
=  𝜋ଶ ቂ

మ

మ
+

మ

మቃ = 𝜆
ଶ  
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𝑢(𝑥, 𝑦, 𝑡) = 𝐵 sin
𝑚𝜋𝑥

𝑎
 sin

𝑛𝜋𝑦

𝑏
 𝑒ିఒ

మ మ௧      (22) 

Summing over all possible values of 𝑚 𝑎𝑛𝑑 𝑛, the general solution: equation (22) becomes 

𝑢(𝑥, 𝑦, 𝑡) =  𝐵 𝑒ିఒ
మ మ௧ sin

𝑚𝜋𝑥

𝑎
sin

𝑛𝜋𝑦

𝑏
 

ஶ

,ୀଵ

      (23) 

Here 𝐵 are arbitrary constants. By applying condition of equation (6),  

𝑎𝑡 𝑡 = 0, 𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 0) = 𝐹(𝑥, 𝑦) 

We have 

𝐹(𝑥, 𝑦) = 𝑢(𝑥, 𝑦, 0) =  𝐵  sin
𝑚𝜋𝑥

𝑎
sin

𝑛𝜋𝑦

𝑏
 

ஶ

,ୀଵ

       (24) 

To determine 𝐵  we multiply both sides of equation (24) with sin
గ௫


 and sin

గ௬


 and 

integrating the result from 𝑥 = 0 𝑡𝑜 𝑥 = 𝑎 and 𝑦 = 0 𝑡𝑜 𝑦 = 𝑏 we have 

𝐵 =
4

𝑎𝑏
  න න 𝐹(𝑥, 𝑦)





sin
𝑚𝜋𝑥

𝑎
sin

𝑛𝜋𝑦

𝑏
 𝑑𝑥 𝑑𝑦





=
4

𝑎𝑏
  න න 𝐹(𝑢, 𝑣)





sin
𝑚𝜋𝑢

𝑎
sin

𝑛𝜋𝑣

𝑏
 𝑑𝑢 𝑑𝑣





    (25) 

Hence the complete solution by substituting value of equation (25) in equation (23) is  

𝑢(𝑥, 𝑦, 𝑡) =  න න 𝐹(𝑢, 𝑣)





sin
𝑚𝜋𝑢

𝑎
sin

𝑛𝜋𝑣

𝑏
 𝑑𝑢 𝑑𝑣





 𝑒ିఒ
మ మ௧ sin

𝑚𝜋𝑥

𝑎
sin

𝑛𝜋𝑦

𝑏
 

ஶ

,ୀଵ

 

By rearranging the terms, 

𝑢(𝑥, 𝑦, 𝑡) =
4

𝑎𝑏
 𝑒ିఒ

మ మ௧ sin
𝑚𝜋𝑥

𝑎
sin

𝑛𝜋𝑥

𝑏
  න න 𝐹(𝑢, 𝑣)





sin
𝑚𝜋𝑢

𝑎
sin

𝑛𝜋𝑣

𝑏
 𝑑𝑢 𝑑𝑣





ஶ

,ୀଵ

     (26) 

Which is the required equation. 

 

The wave equation: 

Derivation of one-dimensional wave equation: 

Consider a flexible string of length 𝑙  tightly stretched between two points 𝑥 = 0 and 𝑥 = 𝑙  on 
𝑋 − 𝑎𝑥𝑖𝑠. If the string is set into small transverse vibrations, the displacement 𝑢(𝑥, 𝑡) from the 
𝑋 − 𝑎𝑥𝑖𝑠 of any point 𝑥 of the string at any time 𝑡 is given by  

𝜕ଶ𝑢

𝜕𝑡ଶ
= 𝑐ଶ

𝜕ଶ𝑢

𝜕𝑥ଶ
     (1) 
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Where 𝑐ଶ =
்

ఘ
,  where 𝑇 being tension and 𝜌  the linear density. Equation (1) is called one 

dimensional wave equation. 

Let the string (assumed to be perfectly flexible) of length 𝑙 tightly stretched between the points 
𝑥 = 0 and 𝑥 = 𝑙 on 𝑋 − 𝑎𝑥𝑖𝑠 be distorted and then at a certain instant of time say 𝑡 = 0, it is 
released and allowed to vibrate. To determine its deflection (displacement from the 𝑋 − 𝑎𝑥𝑖𝑠) at 
any point 𝑥 at any time 𝑡, let us take the following assumptions: 

(i) The string is uniform. i.e. its mass 𝑚 per unit length is constant. 
(ii) The string is perfectly elastic so offer no resistance to any bending. 
(iii) The tension 𝑇 is so Large that the action of gravitational force on the string is negligible. 
(iv) The motion of the string is a small transverse vibration in a vertical plane. 

Consider the motion of an element 𝑃𝑄  of length 𝛿𝑠  of the string. The string being perfectly 
elastic, hence tension 𝑇ଵ at 𝑃 and 𝑇ଶ at 𝑄 are tangential to the curve of the string. Let 𝑇ଵ and 𝑇ଶ 
make angle 𝛼 and 𝛽 respectively with the horizontal.  

There being no motion in the horizontal direction, we have 

𝑇ଵ cos 𝛼 = 𝑇ଶ cos 𝛽 = 𝑇 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡     (2) 

𝑚𝑎𝑠𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑃𝑄 = 𝜌 𝛿𝑠          (3) 

By Newton’s second law of motion (𝐹 = 𝑚𝑎), we have  

𝑇ଶ sin 𝛽 − 𝑇ଵ sin 𝛼 = (𝜌 𝛿𝑠)
𝜕ଶ𝑢

𝜕𝑡ଶ
      (4) 

Now divide equation (4) with equation (2), we have 

𝑇ଶ sin 𝛽

𝑇ଶ cos 𝛽
−

𝑇ଵ sin 𝛼

𝑇ଵ cos 𝛼
= ൬

𝜌 𝛿𝑠

𝑇
൰

𝜕ଶ𝑢

𝜕𝑡ଶ
 

tan 𝛽 − tan 𝛼 =
𝜌 𝛿𝑠

𝑇
 
𝜕ଶ𝑢

𝜕𝑡ଶ
     (5) 

Replacing 𝛿𝑠 by 𝛿𝑥 since the gradient of the curve is very small equation (5) becomes 

൬
𝜕𝑢

𝜕𝑥
൰

௫ା ఋ௫
− ൬

𝜕𝑢

𝜕𝑥
൰

௫
=

𝜌 𝛿𝑠

𝑇
 
𝜕ଶ𝑢

𝜕𝑡ଶ
=

𝜌 𝛿𝑥

𝑇
 
𝜕ଶ𝑢

𝜕𝑡ଶ
    (6) 

Since tan 𝛼 and tan 𝛽 are slopes at 𝑥 and 𝑥 +  𝛿𝑥 respectively. 

ቀ
𝜕𝑢
𝜕𝑥ቁ

௫ା ఋ௫
− ቀ

𝜕𝑢
𝜕𝑥ቁ

௫

𝛿𝑥
=

𝜌

𝑇
 
𝜕ଶ𝑢

𝜕𝑡ଶ
 

i.e. 

𝑢௫(𝑥 +  𝛿𝑥, 𝑡) − 𝑢௫(𝑥, 𝑡)

𝛿𝑥
=

𝜌

𝑇
 
𝜕ଶ𝑢

𝜕𝑡ଶ
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By taking the limit 𝛿𝑥 → 0, we get 

𝜕ଶ𝑢

𝜕𝑥ଶ
=

𝜌

𝑇
 
𝜕ଶ𝑢

𝜕𝑡ଶ
=

1

𝑐ଶ
 
𝜕ଶ𝑢

𝜕𝑡ଶ
     (7) 

Or  

𝜕ଶ𝑢

𝜕𝑡ଶ
= 𝑐ଶ

𝜕ଶ𝑢

𝜕𝑥ଶ
     (8) 

Where 
ଵ

మ =
ఘ

்
 

Which is required expression. 

 

Derivation of two-dimensional wave equation: 

Consider a rectangular membrane, for which the two-dimensional wave equation is written as  

𝜕ଶ𝑢

𝜕𝑡ଶ
= 𝑐ଶ ቈ

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ      (1) 

Consider the motion of a stretched membrane supposed to be stretched and fixed along its entire 
boundary in the 𝑋 − 𝑌 𝑝𝑙𝑎𝑛𝑒. Let us take the following assumptions. 

(i) The membrane is homogeneous. i.e. mass 𝜌 per unit area is constant. 
(ii) The membrane is perfectly flexible and so thin that it offers no resistance to any bending. 
(iii) The tension 𝑇  per unit length caused by the stretching of the membrane is invariant 

during the motion. It retains the same value at each of its points and in all the directions. 
(iv) The deflection 𝑢(𝑥, 𝑦, 𝑡) of the membrane during the motion is negligible as compared to 

the size of the membrane. Also, all the angles of inclination are small. 

consider the motion of an element 𝐴𝐵𝐶𝐷 of the membrane. Let its area be 𝛿𝑥𝛿𝑦. The tension per 
unit length is 𝑇 , the force acting on the edges are 𝑇𝛿𝑥  and 𝑇𝛿𝑦  approximately. Also, the 
membrane being perfectly flexible, the tension 𝑇𝛿𝑥 and 𝑇𝛿𝑦 are tangential to the membrane. Let 
𝛼, 𝛽 be the inclinations of these tensions with the horizontal. Then the horizontal components of 
these forces are 𝑇𝛿𝑦 cos 𝛼  and 𝑇𝛿𝑦 cos 𝛽 . When 𝛼 &  𝛽  are small, cos 𝛼 → 1  and cos 𝛽 → 1  so 
that 𝑇𝛿𝑦 cos 𝛼 → 𝑇𝛿𝑦  and 𝑇𝛿𝑦 cos 𝛽 → 𝑇𝛿𝑦 . i.e. the horizontal components of the forces at 
opposite edges are nearly equal and hence the motion of the particles of the membrane in 
horizontal direction is negligibly small. We assume that every particle of the membrane moves 
vertically. 

The resultant vertical force = 𝑇𝛿𝑦 sin 𝛽 − 𝑇𝛿𝑦 sin 𝛼  

= 𝑇𝛿𝑦(sin 𝛽 − sin 𝛼) 

(∵ 𝛼, 𝛽 being small sin 𝛼 =  𝛼 = tan 𝛼 and sin 𝛽 =  𝛽 = tan 𝛽) 

The resultant vertical force = 𝑇𝛿𝑦(tan 𝛽 − tan 𝛼) 
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= 𝑇𝛿𝑦[𝑢௫(𝑥 +  𝛿𝑥, 𝑦ଵ) − 𝑢௫(𝑥, 𝑦ଶ)]      (2) 

Where 𝑢௫ is the partial derivative w. r. t. 𝑥 and  𝑦ଵ, 𝑦ଶ are the values of 𝑦 between 𝑦 and 𝑦 + 𝛿𝑦. 

Similarly, the resultant vertical force acting on the other two edges 

= 𝑇𝛿𝑥ൣ𝑢௬(𝑥ଵ, 𝑦 +  𝛿𝑦 ) − 𝑢௬( 𝑥ଶ, 𝑦)൧      (3) 

Where 𝑢௬ is the partial derivative w. r. t. 𝑦 and  𝑥ଵ, 𝑥ଶ are the values of 𝑥 between 𝑥 and 𝑥 + 𝛿𝑥. 

By Newton’s second law of motion, we have Total vertical force on the element 

(𝐹 = 𝑚𝑎) = 𝜌 𝛿𝑥 𝛿𝑦
𝜕ଶ𝑢

𝜕𝑡ଶ
 

𝑖. 𝑒.  𝑇𝛿𝑦[𝑢௫(𝑥 +  𝛿𝑥, 𝑦ଵ) − 𝑢௫(𝑥, 𝑦ଶ)] + 𝑇𝛿𝑥ൣ𝑢௬(𝑥ଵ, 𝑦 +  𝛿𝑦 ) − 𝑢௬( 𝑥ଶ, 𝑦)൧ = 𝜌 𝛿𝑥 𝛿𝑦
𝜕ଶ𝑢

𝜕𝑡ଶ
 

Here 
డమ௨

డ௧మ  is the acceleration of the element. Thus  

𝜕ଶ𝑢

𝜕𝑡ଶ
=  

𝑇

𝜌
ቈ
𝑢௫(𝑥 +  𝛿𝑥, 𝑦ଵ) − 𝑢௫(𝑥, 𝑦ଶ)

𝛿𝑥
 +

𝑇

𝜌
ቈ
𝑢௬(𝑥ଵ, 𝑦 +  𝛿𝑦 ) − 𝑢௬( 𝑥ଶ, 𝑦)

𝛿𝑦
 

By taking limits 𝛿𝑥 → 0 and 𝛿𝑦 → 0, we have 

𝜕ଶ𝑢

𝜕𝑡ଶ
=  

𝑇

𝜌
ൣ𝑢௫௫ + 𝑢௬௬൧ = 𝑐ଶ ቈ

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ 

𝜕ଶ𝑢

𝜕𝑡ଶ
= 𝑐ଶ ∇ଶ𝑢       (4) 

Where ∇ଶ=
డమ

డ௫మ
+

డమ

డ௬మ
 

This is two-dimensional wave equation. 


